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Current-Carrying Printed Conductor
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This paper presents some basic equations for predicting the mazimum
temperature rise at an isolated constriclion in a current-carrying printed
conductor. The equations apply to general configurations of printed con-
ductors, since they are based on the heat equation in the steady state. A
variety of numerical results concerning the maximum temperature rise
and the runaway or critical current are presented in tables for the case of
printed conductors of nominal widths 8, 25, and 100 mils. The numerical
results include the case of 1-, 2-, and 3-oz copper conductors at an ambient
temperature of 20 or 50°C. A few experimental resulls are presented which
show that the numerical results concerning the mazimum temperature rise
are conservative from the point of view of design. The results are useful for
determining whether an isolated constriction in a printed conductor is of
any stynificance. Also, the results can be used to help develop rational cri-
teria for rejecting printed conductors when isolated nicks are present.

I. INTRODUCTION

During the design and manufacture of printed conductors to inter-
connect electrical circuits, one is often confronted with the task of
determining whether an isolated constriction in a printed conductor is
of any significance. A constriction is sometimes designed into a printed
conductor to help alleviate some particular routing problem. Also,
during the manufacturing process, such a constriction can arise in the
form of an isolated nick in the printed conductor.

In general, the maximum allowable temperature rise at the isolated
constriction imposes definite limits on the allowable dimensions of the
constriction. The relationship between the dimensions of the isolated
constriction and the maximum temperature at the constriction is useful
for both design purposes and for determining the maximum allowable
nick in a printed conductor. As the maximum allowable nick in a
printed conductor is increased, the manufacturing yield increases and
the time necessary to visually examine the printed conductor de-
creases. Thus, the cost of manufacturing printed wiring boards can
perhaps be decreased by increasing the maximum allowable nick.
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Fig. 1—A current-carrying printed conductor constricted in the middle and con-
strmned to the ambient temperature at both ends.

The purpose of this paper is to develop some basic equations that
are useful for predicting the maximum temperature rise at an isolated
constriction in a current-carrying printed conductor. Figure 1 presents
a sketch of an isolated constriction and some notation used in this
paper. We only consider the problem of characterizing the steady-state
thermal behavior of a current-carrying printed conductor that may
contain a constriction. Some constrictions may produce such effects
as impedance changes and mechanical vulnerability, and these are not
considered in this paper.

Il. BASIC EQUATIONS

Consider the partitioning of the z axis in Fig. 1 into the following
three intervals:

[§- 51, [- 5.5, s [B5

Let T(z) denote the temperature distribution along the current-carry-
ing conductor. In the steady state, the temperature difference AT (z)
= [T(z) — T.] in the first and last intervals must satisfy the linear
differential equation! (a one-dimensional heat equation) of the form:

PAT  2HAT | PR 4+ aAT] _ )
dx2 ktn kWto ,

where

H* = coefficient of surface heat transfer
k = thermal conductivity of the conductor
to = thickness of the conductor
I = current flow

1l

* We shall follow Ref. 1 and denote the coefficient of surface heat transfer by the
letter H. However, many other references use the letter .
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R’ = resistance of the conductor per unit length at ambient
temperature

ay = temperature coefficient of resistivity of the conductor at
ambient temperature

W = width of the conductor.

I

The second derivative in eq. (1) represents the rate of heat accumula-
tion per unit volume. The negative term in eq. (1) accounts for the
heat “radiated” per unit volume from both the top and bottom sur-
faces of the conductor.* The term involving the current I represents
the heat generated per unit volume.

At the isolated constriction, the temperature difference AT (z) must
satisfy an equation similar to eq. (1) except that W and R’ are replaced
by W. and R;, respectively. Equation (1) has been applied to the case
when the constriction is absent in Refs. 1 and 2.

After the boundary conditions are imposed that AT (z) = 0 when
z = +L/2, and AT(z) and its derivative' are matched at the two
discontinuities located at 2 = +L./2, one can solve for the tempera-
ture difference in the region of the constriction which we shall denote
as AT.(z). The explicit result is that

AT, (z) = ;—g
_ 1(+*/B*) sech [(8/2) (L — L)]+ [(v3/83) — (v*/8*) ]} cosh Bz
(81/8) sinh (81L,/2) tanh [ (8/2)(L — Lc)] + cosh (81L./2) ’
(2

where

2 _ P _I_ :
T"ic(Wct.,)

I 2
"""‘E(W—zo)

2HW¢—H1( £ )Iz

©

Weto
2 _ ¢
Ai = EW o
- P\
ﬁ2=2HW C!l(th)I
kWi,

thermal conductivity of the conductor
p = resistivity of the conductor at ambient temperature.

* In general, the amount of heat radiated from the top and bottom surfaces of the
conductor will differ because of the substrate. This difference can be absorbed in the
definition of the coefficient of surface heat transfer, H.

T Matching the derivative assures that the rate of heat accumulation per unit
volume is finite for all z (see Ref. 1, page 4).
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The solutions in the other regions of the z axis can be obtained in a
similar manner. However, they are not of interest in this paper, and

they are not presented here.
The maximum temperature difference, max AT, at the constriction

oceurs at z = 0; thus, .
max AT, = AT.(0). (3)

In the absence of a constriction,'Lc = 0, the maximum temperature
difference, max AT\, is given by

I IR

This latter result is convenient for normalization purposés.

max AT.o = max AT.

Il. SOME SPECIAL CASES
3.1 Longest possible constriction

When L, = L, eq. (2) yields

2 [ — cosh Bz
ATe@) = 55 | goeh (B 1L) : (5)
2

This latter equation agrees with the result in Refs. 1 and 2.

3.2 Thermal runaway at the constriction

If the current flow through a printed conductor increases above a
value called the critical current, I,, thermal runaway results. That is,
the temperature of the printed conductor increases beyond the tolerable
limits of the substrate and permanent damage results. This phenom-
enon is discussed in Refs. 2 and 3. Let us now determine the value of
I, for a printed conductor having a constriction.

In the case of the longest possible constriction, eq. (5) shows that
max AT, = AT.(0) increases without bound only when 87 < 0. If we

set 82 = —p? > 0, we find that max AT, increases without bound when
BoL _ w
5 ~3 ©)
or ;
2742
I - W,; 2Htu + (T/L) kto_ (7)
a1p

In the absence of a constriction, eq. (4) shows that max AT, can

increase without bound only when 8 < 0. If we set g3 = —g* > 0,
we find that max AT, increases without bound when
Bl _ 7
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or

2
=W \[Qth + (w/L)%kt5 )
a1p

Thus, when the length of the constriction is bounded by 0 < L, < L,
the runaway or critical current I, must be bounded by

W, \/2]1’10 + (w/L)*kts <1l < W\/2Hto + (r/L)%ki5 (10)
a1p @10
The value of /. can be found by setting 83 = —87 > 0 in eq. (2) and
solving for the current I which makes max AT, = AT,(0) increase
without bound. The result is that the critical current I, equals the
value of I that satisfies the transcendental equation

% tan (";L=) tanh [g (L - Lc)] -1 (1)

Some numerical results obtained from eqs. (2), (3), (4), and (11) are
presented in Section 5.1,

3.3 Small* current flow in a long conductor
AsI - 0and L — =, eq. (2) yields
2 2 2
Yi_ Y 1L,
AT, (z) = :;;%- (E%— E)BXP(— 12 )coshﬁl;c. (12)
Also, as I — 0 and L — =, eqgs. (3), (4), and (12) yield the interesting
relationship

mazal. . K)z—[ E)2—1 [—ﬁJﬁ SCE)
max AT, \ W, W, KT 2V,
Some numerical results obtained from eq. (13) are presented in Section
5.2.

3.4 Effects of the ambient temperature '

Equation (2) shows that the temperature difference AT, (z) at the
constriction depends on the ambient temperature T,, since both ay
and p depend on T,. However, a somewhat unexpected result is that
the eritical current I., as defined by (11), is independent of the ambient
temperature 7'i. This result follows from the fact that both 4% and
B3 = —pB} are independent of T, since they are functions of the
product aip. This product is independent of T, as can be verified by
using the temperature-dependent expressions for e; and p given in
Table 11 in the appendix.

; “Small” refers to currents that are less than about (W./4) V2Hto/arp. .
In this paper, we are mainly interested in an ambient temperature, T, in the
range |T:| = 50°C.
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In a very similar manner, one can show that the ratio max AT./
max AT, is also independent of the ambient temperature T, while
the value of max AT, depends on the ambient temperature 7'.

It is difficult to predict these effects of the ambient temperature
without a mathematical argument, because, as the ambient tempera-
ture T’ increases, p increases while a; decreases.

IV. THE COEFFICIENT OF SURFACE HEAT TRANSFER, H, FOR
A PRINTED CONDUCTOR

4.1 Theoretical expression for H

Consider the case when L 3> W. For this case, the maximum tem-
perature, max AT, in the absence of a constriction is approximately
equal to the average temperature rise, AT, along the current-carrying
conductor. Thus, by equating eq. (4) to the theoretical expression for
AT, which was presented in Ref. 3, we have

vt DPRiRq
g2 1— PRRra:’ (14)
where
R. = pL/Wt, = resistance of the conductor at ambient temperature
Ry = thermal resistance of the conductor.
Equation (14) yields
' 1

H= OWLR; (15)
Reference 3 also presents a theoretical expression for the thermal
resistance Kr as
1 4L
Br = 5z™® (TV) ’ (16)
where
kn = thermal conductivity of the medium surrounding the
conductor.
Equations (15) and (16) yield a theoretical expression for H as
H = _ mkn (17)

Win (4L/W)

Since we have assumed that L > W, eq. (17) shows that H is, approxi-
mately, inversely proportional to W. This inverse behavior together
with eq. (13) shows that, as I — 0 and L — «, max AT./max AT
remains constant when

W,

W o constant (18)
and
L.
’\[WTU = constant. (19)
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4.2 Experimental value of H

Some recent work* concerning the current-carrying capacities of
various remreed backplane designs contains a table which gives the
measured thermal resistances Ry for a pair of parallel printed conduc-
tors. The conductors were each about 12-in. long and 8 mils wide, and
they were spaced 9 mils apart. For this particular conductor configura-
tion, R¢* turned out to be about 10°C/watt. By applying eq. (15) to
this conductor configuration, we have

1 1 1 . watts
H = 5w ik = @@5)(12,000010 ~ (6) 107 oG (20)

where

W, = total “radiating’” width of the parallel conductor configura-
tion = 25 mils.

This particular value of H, and some scaled values based on H ~ 1 /W,
will now be used to obtain some numerical results.

V. NUMERICAL RESULTS

Tables I through XXVT are presented in Appendix A' of this paper.
To help ease the task of locating the numerical results pertaining to a
specific set of parameters, Table I contains a listing of the contents of
all the numerical tables appearing in the appendix. For example,
Table I indicates that Table II contains the parameter values that
were used to obtain all the numerical results presented in this paper.

5.1 The general case [egs. (2), (3), (4), (11)]

Tables III through V present values of the critical currents, I,, as
computed from eq. (11). For example, Table III shows that, for the
case fop = 2.8 mils (2-oz Cu), any T;, W = 6 mils, W.,/W = 0.5,
L. = 4W = 24 mils, and L = 12,000 mils, the critical current I, is
about 6.1 A. If a current greater than the critical current is applied,
max AT, will increase without bound until permanent damage of the
substrate results.

Tables VI, VII, and VIII present the values of max AT, as com-
puted from eq. (4). For example, Table VI shows that, for the case of
to = 2.8 mils, T, = 50°C, W = 6 mils, L = 12,000 mils, and I = 2
amperes, the maximum temperature difference in the absence of a con-
striction, max AT, is about 32°C. This result agrees well with the
corresponding result given in Table VIII of Ref. 4, when one takes into

*The value of Ry varies somewhat depending on the type of covercoat, the type
of substrate (rigid or flex), and the presence or absence of cooling lines. A detailed
tabulation is given in Table 1 of Ref. 4.

" The numerical results presented in the appendix contain a few more decimal
places than accuracy considerations justify. These additional decimals are useful for
comparing the numerical evaluations resulting from egs. (2) and (13).
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account eq. (10) of Ref. 3, which implies that a current flow of 2 Ain a
single conductor produces the same temperature rise as a current flow
of VZ A in both the tip and ring conductors of the remreed backplane.

Tables IX through XXIII present the values of the ratio max AT./
max AT., as computed from eqs. (2), (3), and (4). For example,
Table XIII shows that, for the case of {, = 2.8 mils, any T1, W = 6
mils, W./W = 0.5, L, = 4W = 24 mils, L = 12,000 mils,and I = 2A,
the ratio max AT./max AT., is about 1.23. Since, in the absence of a
constriction, the maximum temperature difference, max AT, was seen
to be about 32°C when T = 50°C, the maximum temperature differ-
ence at this constriction, max AT,, is about (1.23)(32) = 39.4°C, above
the ambient temperature of T, = 50°C.

5.2 The special case [| — 0, L — =, eq. (13)]

Tables XXIV, XXV, and XXVI present the values of the ratio
max AT./max AT., as computed from eq. (13). For example, Table
X X1V shows that, for the case ty = 2.8 mils, W = 6 mils, W./W = 0.5,
and L, = 4W = 24 mils, the ratio max AT./max AT, is about 1.21.
This value agrees with the more accurate value 1.23 given above for
the case I = 2 A in spite of the fact that this current is not really small.

In general, by comparing the numerical results for the special case
(Tables XXIV, XXV, and XXVI) with the corresponding numerical
results for the general case (Tables IX through XXIII), one can verify
that the results for the special case serve as good approximations for a
wide variety of parameter values. Notice that the numerical entries in
Tables XXV and XXVI are identical in accordance with eqs. (18)
and (19).

VI. A FEW EXPERIMENTAL RESULTS

To obtain some experimental confirmation concerning the numerical
results presented in the tables, a few experiments were performed on
2- and 3-0z copper conductors (no covercoat) having the approximate
dimensions of W = 30 mils, W.,/W = 0.5, L. = 4W = 120 mils, and
L = 8000 mils. In these experiments, the maximum temperature differ-
ence, max AT,, at the constriction was estimated by observing the
behavior of a thin coating of temperature-indicating paint of known
melting temperature 7. When the indicating paint first began to
melt, the average temperature difference AT along the current-
carrying conductor was measured by using the resistance thermometer
method described in Ref. 3. In this manner, the ratio max AT./
max AT, is given, approximately, by

max AT, ., Tn — TI.

max AT., AT (21)
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For the 2-0z copper conductor (measured {, = 3.6 mils), we found
that when T',, = 52°C, and T, = 26.5°C, a current flow of 2.75 A for
a duration of 5 min produced an average temperature difference, AT,
of 17.7°C when the indicating paint first began to melt. Thus,

max AT, _ 52 — 265 _
max AT,, = 17.7 1.44. (22)

This experimental value is somewhat smaller than the corresponding
value extrapolated from Tables XVI and XVII, which is about 1.52.
Similarly, for the case of the 3-oz copper conductor (measured
to = 4.9 mils), we found that, when T, = 52°C and T, = 26°C, a
current flow of 3.5 A for a duration of 5 min produced an average
temperature difference, AT, of 19.7°C when the indicating paint began

to melt. Thus,
max AT, ., 52 — 26

max AT, — 107 182 (23)

This experimental value is again somewhat smaller than the corre-
sponding value extrapolated from Tables XVII and XVIII, which is
about 1.42.

Thus, it appears that the numerical values of max AT./max AT.,
presented in the tables are conservative from the point of view of design.

Vil. SOME APPLICATIONS
7.1 Printed conductors of nominal widths 8, 25, 100 mils

The numerical results presented in Tables III through XXVI are
useful in helping to determine whether an isolated constriction in a
printed conductor is of any significance. For example, if the current
flow I = I, the critical current listed in Tables III through V, then
permanent damage of the substrate is certain to occur. Also, for the
case of a small current flow in a long conductor, Table XXIV indicates
that, for an isolated constriction of length L, = 4W and a constriction
width W, = 0.5W in a fine-line printed conductor of width W = 6 mils
and a thickness {, = 2.8 mils (2 oz Cu), the maximum temperature rise
at the constriction will be about 1.21 times the maximum temperature
rise when the constriction is absent. If a 1-0z copper conductor is used,
then the corresponding result is 1.29.

The numerical results presented in the tables and egs. (18) and (19)
can also be used to help determine rational criteria for rejecting printed
conductors when isolated nicks are present. If one can tolerate the
presence of relatively large nicks in a printed conductor, then the
manufacturing yield will increase and the time necessary to visually
examine the printed conductors will decrease.
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7.2 Printed conductors of other dimensions

. Although we have only presented numerical results for the sets of
parameters listed in Table II, the methods described in this paper
also apply to other sets of parameters. The only elusive parameter one
needs to determine is the value of H, the coefficient of surface heat
transfer. An approximate value of H can be calculated from eq. (17).
Also, H can be determined experimentally, as was described in Section
4.2. Finally, the value of H used in this paper can be scaled to other
widths by using the approximate law H ~ 1/W, which was discussed
in Section 4.1. Once the value of H is determined, eqs. (2), (3), (4),
and (11) can be applied to obtain numerical results similar to those
presented in Tables 111 through XXIII. Also, for the case of a small
current flow in a long conductor, a simplified equation, (13), can be
applied to obtain numerical results similar to those presented in Tables
XXIV, XXV, and XXVIL.

Vill. SUMMARY

This paper presents some basic equations for predicting the maxi-
mum temperature rise at an isolated constriction (e.g., a nick) in a
current-carrying printed conductor. A transcendental equation is also
presented which can be used to predict the thermal runaway or critical
current. The equations apply to general configurations of printed con-
ductors, since the underlying differential equation is the heat equation
in the steady state. Numerical results depend on a number of parame-
ters which are readily available, and the value of the coefficient of
surface heat transfer H. An equation is presented that can be used to
estimate the value of H for a relatively long conductor. A method is
also described for determining the value of H experimentally. H was
measured to be about (1/6)10~¢ watts/mil?°C for a 25-mil-wide printed
conductor. Based on this value of H, a variety of numerical results
concerning the critical current and the maximum temperature rise at
the constriction are presented in tables. A few experimental results are
presented which show that the numerical results concerning the maxi-
mum temperature rise are conservative from the point of view of
design. The results in this paper are useful for determining whether
an isolated constriction in a printed conductor is of any significance.
The results can also be used to help determine rational criteria for
rejecting printed conductors when isolated nicks are present.
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APPENDIX A
Numerical Results
Table | — Contents of the numerical tables
Table
No. Contents

II| Parameter values
III| Values of critical currents, I., for W = 6, 8, 10, and all W./W, L., L,

to, T
IV| Values 05{1 ceritical currents, I,, for W = 20, 25, 30, and all W./W, L.,
Lt
v ValuesU of cr;E.lcal currents, I, for W = 80, 100, 120, and all W./W,
L, L, o,

VI| Values of max AT, for W = 6,8, 10, and all I, L, t,, T

VII| Values of max AT for W = 20, 25, 30, and all I, L, to, T
VIII| Values of max AT for W = 80, 100 120 for all I L to, T

IX | Values of (max AT./max AT ) for W = 6 8, I = 0.1, and all
W /W, L., L, ty, T
X | Values of (max AT /max AT) for W = 6, 8, 10, I = 0.5, and all
We/W, L, L
XI| Values of (max A)I'c/mux AT.) for W = 6, 8,10, I = 1.0, and all
Weo/W, L, L, to, Ty
XII| Values of (mnx AT./max AT.o) for W = 6, 8, 10, I = 1.5, and all
We/W, Le, L, ty, T
XIIT| Values of (max AT./max AT.g) for W = 6, 8, 10, I = 2.0, and all
We/W, Le, L, to, T
XTIV | Values uf (max AT./max AT,) for W = 20, 25, 30, I = 0.5, and all
We/W, Le, L, ty, T
XV/| Values of (max AT /mmc AT) for W = 20, 25, 30, I = 1.0, and all
W/W, L., L, t,, Ty
XVI| Values of (mat AT, /mmc AT.,) for W = 20, 25, 30, I = 2.0, and all
We/W, L, L, ty, Ty
XVII| Values of (mm A’lc/mm{ AT.) for W = 20, 25, 30, I = 3.0, and all
Wo/W, Le, L, to, T
XVIII| Values of (mm. AT./max AT.) for W = 20, 25, 30, I = 4.0, and all
We/W, Le, L, to, T

XIX | Values of (max AT./max AT.) for W = 80, 100, 120, I = 1.0, and all
W./W, L, L, to, Ty

XX | Values of (max AT c/mw( AT.o) for W = 80, 100, 120, I = 2.0, and all
W/ W, Le, L, by, 1

XXI| Values of (mux Alc/mm( AT.) for W = 80, 100, 120, [ = 4.0, and all

i Wo/W, L, Ly to, T

XXIT| Values of (mn,x AT./max AT.) for W = 80, 100, 120, I = 6.0, and all
We/W, L o, T

XXTIIT| Values of (max ADTE:’/mat AT.o) for W = 80, 100, 120, I = 8.0, and all
We/W, Le, L, ty, T

XXIV | Values of (max AT./max AT.,) for the special case I — 0, L — e, for
W =6, 8, 10, and all W./W, L., t,, Th

XXV| Values of (max A?clmat AT.,) for the special case I — 0, L — =, for
W = 20, 25, 30, and all W./W, L., ts, Ty

XXVI| Values of (maw; AT ./max AT ) for the special case I — 0, L — o, for
W = 80, 100, 120, and all W./W, L, t,, T1
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APPENDIX B
Comments on the Conservative Nature of the Results

D. E. McCumber has suggested® that the boundary conditions ap-
propriate to eq. (1) at the step discontinuity in conductor width are:

() AT(z) be continuous.
(#) [dAT(z)/dz] be discontinuous such that W (z)[dAT (x)/dz] be
continuous.

These boundary conditions derive from the one-dimensional heat con-
tinuity equation:

dAT(:c))

kto (W( )
— 2HW (2)AT (z) + I*R'[1 4+ ;AT (z)] = 0. (24)

Equation (24) is identical to eq. (1) in the regions away from the dis-
continuity. McCumber’s boundary conditions conserve integrated
heat flux but neglect fringing in the transition region. These lead to
a solution

AT (z) = ;l

__{(+*/B* sech [(8/2) (L — L.)] + [(v1/81) — (¥*/8%) ]} cosh Bz
(Wo/W)(8:/B)sinh (81L./2)tanh [(8/2) (L — L.)] + cosh(8.L./2)’
(25)

which is identical to eq. (2) except for the factor W./W in the first
term of the denominator.

MeCumber has shown by a full two-dimensional analysis of a
simplified system similar to that considered here that eq. (25) is more
accurate than eq. (2) but tends slightly to underestimate the tempera-
ture rise AT.(z), whereas eq. (2) is conservative and always overesti-
mates AT.(z). As the results reported in this paper show, even these
conservative estimates of AT.(r) indicate substantial thermal latitude
for nicks or constrictions in printed wiring circuits.
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