Computed Transmission Through Rain at
Microwave and Visible Frequencies

By DAVID E. SETZER

( Manuseript received May 5, 1970)

In this paper we present tables which contain the Mie scaltering coef-
ficient, absorption coefficient, extinction coefficient, equivalent medium index
of refraction and phase delay for rains conforming to the Laws and Parsons
drop-size distribution. These transmission characteristics have been calcu-
lated for microwave frequencies of interest in common carrier radio relay
systems, 300 to 1.43 GHz, that s, 0.1 to 21.0 cm, al rain rates from 0.25
to 160.0 mm/hr. We also include the extinction coefficients for the visible
wavelength 0.6328 u.

The microwave tables were generated by using a Mie scattering computer
program stmilar to that designed and previously reported by Deirmendjian.
The calculations at 0.6328 p were made separately by employing the usual
assumptions for droplets with very large circumference to wavelength ratios.

I. INTRODUCTION

The Mie extinction properties are of basic importance to those
interested in developing an understanding of the influence of rainfall
on open air communication systems. In this connection we have gen-
erated a rather extensive set of tables of extinction properties of rain.
The tables have been used within Bell Laboratories to study a variety
of transmission problems, examples of which are the investigation of
satellite ground station interference by Gusler and Hogg (1970),* the
study of microwave transit time variations by Gray (1970), Pierce’s
(1969) investigation of the problems associated with the synchronization
of digital networks and Setzer’'s (1969) study of the extinction properties
of atmospheric aerosols."™ A set of tables with similar results was
published by Medhurst (1965); however, his presentation only includes

* The attenuation constants used by Gusler and Hogg were based on empirical

data. The caleulated values presented in this paper were used for comparison purposes
only.

1873



1874 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1970

total attenuation.® Qur tables include the Mie scattering coefficient,
absorption coefficient, extinction coefficient, the van de Hulst equivalent
medium index of refraction and the van de Hulst phase delay for rains
conforming to the Laws and Parsons drop-size distribution. These
transmission characteristics have been calculated for incident micro-
wave wavelengths of 0.1, 0.2, 0.3, 0.5, 1.0, 1.62, 1.88, 2.73, 5.0, 7.5, 10.0,
15.0 and 21.0 em (corresponding to 300, 150, 100, 60, 30, 18.5, 16, 11,
6, 4, 3, 2 and 1.43 GHz) at rain rates of 0.25, 1.25, 2.5, 5.0, 12.5, 50.0,
100.0 and 150.0 mm/hr. Also included are the extinction coefficients
for the visible wavelength 0.6328 u at the above rain rates.

The calculations in the microwave region were performed on a
GE 635 computer using a scattering program similar to that previously
presented by Deirmendgian (1963).° Since the raindrop circumference-
to-wavelength ratio (wd/)\), that is, size parameter, for the visible
wavelength, is outside the range of validity of the computer program,
approximate characteristics were calculated for 0.6328 u. The usual
assumptions for spheres with very large parameters were employed.

The indices of refraction used in this report and shown in Table I
are for a rain temperature of 20°C. They were obtained by cross check-
ing many of the standard optical and microwave references and are
thought to be reliable.

1I. DROPLET SIZE DISTRIBUTION

All computations in this paper are based on the assumption that
raindrops are spherical and the distribution of rain is as was measured
by Laws and Parsons and quoted by Kerr (1951).” The Laws and
Parsons distribution is presented in Table II as the percentage of
total water volume within specific size ranges. In order to use the
computer program, it is necessary to express the distribution in terms
of the number of droplets per unit volume within specific size ranges.
If the droplets are assumed to fall at the terminal velocity V, , that is,
up and down drafts are neglected, then the conversion is

D(dis1, &) & Ry P(dis , d2)/[V(@)Vo()), (1)

where D(d.,, , d,) represents the size distribution in units of droplets
per unit volume in the droplet diameter range d., to d; . Henceforth,
the diameter range d;,, to d; will be called Ad; . R, is the total rainfall
rate which is typically specified in mm/hr; P(d;,, , d:) is the volume
percentage rainfall in the diameter range Ad; as measured by Laws
and Parsons; d is the average diameter in the range Ad; ; and V(d)
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is the volume of a sphere of diameter d. The terminal velocities of
raindrops V,(d) are presented in Table III.”

For an example of the funetion D(d,,, , d;) resulting from the use of
equation (1), refer to Fig. 1.

III. TRANSMISSION PARAMETERS FOR MICROWAVE FREQUENCIES

The Mie coefficients and the equivalent index of refraction of the
rain medium are defined by van de Hulst (1957).° For a detailed des-
cription of these parameters, please refer to his work. Essentially,
the scattering coefficient 8,... (\) and the absorption coefficient .., (\)
are measures of the total energy scattered and absorbed by a unit
volume of rainfall. In the simple case of a single scattering aerosol
the ratio of intensity of the transmitted beam I,(A\) to that of the
incident beam I,()) is

I:(N)/Io(N) = exp[—Bu:(N) -], (2)

where [ is the length of the propagation path through the rain and the
extinction coefficient B...()\) is

ﬁax&(?\) = Bueat(}\) + Baha(?\)' (3)

A plane-parallel medium containing many secattering particles can
be represented by a slab of homogeneous material having a complex
refractive index fii. Carefully note that this sort of representation can
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Fig. 1—Laws and Parsons drop-size distribution for 150 mm/hr rain.
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be designed, by selecting the appropriate value of #i, to preserve the
input-output relationships but all detail of the scattering process
within the medium is lost. According to the van de Hulst (1957) defini-
tion of #i, the amplitude and phase of the incident wave are changed
by the slab in the proportion

exp[— 2xl/\)Im(1 — )] exp[— (2rlz/N)Re(@i — 1)], 4)

where the first term is recognized as defining the amplitude ratio and
the second the phase.® The values of Bt , Bavs s Bacat » 7 and the phase
angle described above have been calculated for the specified microwave
frequencies. The results appear in Tables IV through XVI. The reader
is advised to use special care when attempting to apply the van de Hulst
phase angle and medium index #i. It is recommended that van de Hulst’s
derivation be studied carefully so that the meaning and limitations of
these functions are well understood. For example, light reflected from
the slab cannot be derived by using the refractive index #, but should
be computed by means of the actual scattering functions.

Also, it should be noted that although # is caleulated, (% — 1) is
used to determine the phase angle. Since #i is very close to one, cancel-
lation of the leading terms reduces the significant places in the numerical
value of the phase angle to one or two at most. Consequently the values
given in the phase change column of Tables IV through XVI exhibit
noticeable discontinuous jumps.

IV. TRANSMISSION PARAMETERS FOR 0.6328 u

The Mie coefficients 3, are defined as
8.0 = f v, @) dr,  i=1,2,3, (5)
1]

where r is the droplet radius; n(r) is the continuous size distribution,
and v:(\, r), 1 = 1, 2, 3 are the extinction, scattering and absorption
cross sections, respectively for droplets of radius r. The smallest ratio
of raindrop circumference to wavelength for the combination of a Laws
and Parsons rain and 0.6328 u is approximately 1500. For most purposes,
the laws of geometric optics can be applied in such cases and therefore

'Yexl:(?\i T) =~ 277'?'2. (6)

Also, since the index of refraction of water at 0.6328 p is a real number,
1.33, the absorption coefficient will be zero. It follows from equations
(3), (8) and (6) that

Bex:(0.6328y) = B,...(0.63284), (7)
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~ 2r f rn(r) dr.
0

(8)

This expression and the Laws and Parsons distribution were used to
generate Table XVII. In this connection the Laws and Parsons dis-
tribution D(d.,, , d;) was used to approximate the continuous function

n(r).

V. GRAPHICAL REPRESENTATION

For the purpose of illustration, a graph of extinetion coefficients
versus total water content and rain rate is included (see Fig. 2). Not
all wavelengths are represented because some of the curves are too
closely grouped in the neighborhood of those shown. Those that were
excluded, were excluded for reasons of clarity only. One point of some
interest is the location of the attenuation curve for 0.6328 u in Fig. 2.
Note that it represents a reversal of the trend exhibited as wavelength
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TaBLE [—INDEX oF REFRACTION OF WATER AT 20°C
Wavelength (em) ‘ Index of Refraction

0.10 2.587 - 0.937(i)
0.20 3.039 - 1.575(1)
0.30 3.505 - 2.007(i)
0.50 4.364 - 2.521(i)
1.00 5.900 - 2.900(1)
1.62 7.001 - 2. 544(1)
1.88 7.500 - 2.500(i)
2.73 8.070 - 1.990(i)
5.00 8.670 - 1.202(i)
7.50 8.770 - 0.915(i)
10.00 8.871 - 0.628(i)
15.00 8.916 - 0.422(i)
21.00 9.000 - 0.275(i)
0.6328 4 1.33 -0.0(i)

TaBLE II— Laws aAND PaArsoNs DrRor-S1zE DISTRIBUTIONS FOR
VARIOUS PRECIPITATION RATES

Rain Rate (mm/hour)
Drop
Diameter (cm) | 0.25 | 1.25 | 2.5 5 12.5 25 50 100 150
Percent of Total Volume
0.05 28.0 (10.9 7.3 4.7 2.6 1.7 1.2 1.0 1.0
0.1 50.1 | 37.1|27.8)|20.3|11.5 7.6 5.4 4.6 4.1
0.15 18.2131.3|32.8(31.0(24.5(18.4(12.5 8.8 7.6
0.2 3.0(13.6(19.0(22.2|25.4|23.9(19.9(13.9|11.7
0.25 0.7 4.9 7.9111.8]17.3119.9]20.9 | 17.1 | 13.9
0.3 1.5 3.3 57 (10.1(12.8(15.6 | 18.4 | 17.7
0.35 0.6 1.1 2.5 4.3 §.2110.9|15.0| 16.1
0.4 0.2 0.6 1.0 2.3 3.5 6.7 9.0 | 11.9
0.45 0.2 0.5 1.2 2.1 3.3 5.8 7.7
0.5 0.3 0.6 1.1 1.8 3.0 3.6
0.55 0.2 0.5 1.1 1.7 2.2
0.6 0.3 0.5 1.0 1.2
0.65 0.2 0.7 1.0
0.7 0.3

TaBLE III—Rainpror TERMINAL VELOCITY

Radius, cm Velocity, m/sec
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TasLe XVII—Me ExTiNcTION PARAMETERS AT 0.6328 1 WAVE-
LexerH, H,O INnpEX OoF REFRACTION 1.33—0.0i, FOR LAWS AND
Parsons Rav

Rain Rate Seattering Coef. Absorption Coef. Ixtinction Coef.
(mm/hr) (km)™t (km)™! (km)™!
0.25 0.08093 0.00 0.08093
1.25 0.2482 0.00 0.2482
2.5 0.3977 0.00 0.3977
5.0 0.6519 0.00 0.6519
12.5 1.273 0.00 1.273
25.0 2.069 0.00 2.069
50.0 3.221 0.00 3.221
100.0 5.689 0.00 5.689
150.0 8.046 0.00 8.046

decreased from 21 to 0.1 em. This phenomenon is also illustrated in
Fig. 26 of a paper previously presented in this journal by Chu and
Hogg (1968).° It serves to warn the reader that he should be very
careful when applying the common rules of thumb relating wavelength
and attenuation.
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