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Axis-Crossing Intervals of Rayleigh Processes
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(Manuseript received May 12, 1965)

I. INTRODUCTION

Let R(l,a) denote the envelope of a stationary random process con-
sisting of a sinusoidal signal of amplitude 4/2a and frequency f, plus
Gaussian noise of unit variance having a narrow-band power spectral
density which is symmetrical about fo. When @ = 0 Rice' presented
some theoretical results which are very useful for studying statistical
properties of the axis-crossing intervals of R(1,0). The axis-crossing
points and the axis-crossing intervals of the Rayleigh process R(t,a) are
defined in Fig. 1. Some recent work concerning the axis-crossing in
tervals of R({,a) was reported by Levin and Fomin? Goryainov,* and
Rainal.*® The purpose of this brief is to present some theoretical results
when @ = 0. These results stem from a straightforward extension of
Rice’s analysis. The Rayleigh process R(t,a) occurs at the output of a
typical radio or radar receiver during the reception of a sinusoidal signal
immersed in Gaussian noise.

II. THEORETICAL RESULTS

Using a notation consistent with Refs. 4 and 5 we define the following
probability functions at an arbitrary level R of Iig. 1:

(1) Q(r,R,a)dr, the conditional probability that an upward axis-
crossing occurs between ¢ + 7 and { + 7 + dr given a downward axis-
crossing at t.

(2) Q*(r,R,a)dr, the conditional probability that a downward axis-
crossing occurs between ¢ + r and ¢t + 7 + dr given an upward axis-
crossing at .

(3) [U(r,R,a) — Q(r,R,a))dr, the conditional probability that an up-
ward axis-crossing occurs between ¢ + 7 and { 4 7 + dr given an upward
axis-crossing at ?.

The reader should refer to Rice! for the definition of all notation
which is not defined in this note. When a = 0, Rice’s (86) becomes:
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Fig. 1—The level R defines the axis-crossing points and the axis-crossing
intervals of the Rayleigh process R(¢,a).
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where: Iy (x) = Bessel function of imaginary argument
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exp {_ oo AR + R®) + 247RVRY + 2D, + 2ER, + F]}

A = [Ms2 — M2 {MMi(1 — m?)) Q = -\/2_0
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c = cos (6, — 6a) s = sin (6 — 62) 7

D = [Ma? — My R[May — Mac)[Mm'(c — m)]
+ Q[M1s — My3)[M a38(M 92 sin 65 + M ¢ sin 6;)
— 08 01(M 2 — M2 ]}

E = [My? — Mol { —R[Mas — Masc|[Mm/(c — m)]
+ Q[Myy — My3)[Mg38(M g5 sin 0y - M gac sin 85)
+ cos 92(My* — Myi*c?)])

F = [Maw? — My?c®"{2[Q* — QR(cos 8, + cos 81)]
My 4 Mu)[Mg* — Mas??
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— OMQRS[M s — Myl[May — Mosc]lsin 6, — sin 6]

— Moo(QP[M s — My)2sin® 6, + sin® 64]

— QM oyQ%c[M 1y — My;]? sin 6, sin 6,

4 2R Mgy — Mose)[(Mae + Mase)(Mu + Mic) — Miygs*l}.

Equation (1) can be put in a form analogous to Rice’s (97) and (55):

aR M RZ/2 I, YR 27 p2w B
Q (nRa) = ;w \/222878 (1 “_ (mf)22 -[] e CHOT (rhk) dodd;  (2)
0

where:
J(rhk) = 1 f d:cf dy(x — h) (y — k)é
27r8| h k

2+ — 2ray 1 - mj*
=T T J — . h= — .
: 201 — 1) “‘[ My |’

k=a [1 — w7
' L Ma

a; = A7l — 27D — rEk) a; = A1 — 27 [E — rD)]
G = Al — »"[2rDE — D* — E?] + F; s = V1 —
We also find that:

(k* — 2rhk + RY) he**/2
J(?hk)=—-expl: 501 — 7%) —2ﬂ_—\/§r

[-re=2)- 550 05)

+ (ke + ) K (r,hk)

where:
2 * —t2/2
P@ = g [

Karl® Pearsons( ) f dx f dye’.
211'81

Tor a recent table of K(rhk) see Ref. 7. Tor a recent discussion of
K(r,hk) see the recent work of Gupta® In these latter two references
K(r,hk) is denoted by L(h,k,r).

Q" (7,R,a) is obtained from (1) by changing the signs of the =«’s in

K (r,hk)
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the limits of integration. We find that Q*(r,R,a) is equal to the right-
hand side of (2) with h,k replaced by —h,—k.

[U(r,R,a) — Q(r,R,a)] is obtained from (1) by changing the lower
limit of integration of Ry’ to + . We find that:

Rﬁ’lﬂ R(2 Iofl R
UrRa) — Q) = 5 \/2_:5 = fnz)Q}

2w 27 (4)
f f e_wl“”t’rl (ﬂhnk) df,df»

0 0

where:

Ji(rhk) = m[ da:f dy(x — h) (y — k)é'.
We find that J(r,h,k) and J,(r,hk) are related by:
. h —k2/2 (hk + 'r)
Tunhk) = Tk + = = SR L - P@L (5)

Equations (4) and (5) are the generalizations of (64) and (35) of Ref. 5

ITI. STATISTICAL DEPENDENCE OF AXIS-CROSSING INTERVALS

By expanding m(r) as:

m(r) =1 ﬁg1'2+ ba[3‘;'3| +ﬁ—f+ bh!;al
bs-r by [ 7| ©)
+ = + + o(7")
we find that as 7 — 0 from the right:

My = 28bsr — (bg® — Bbs + %) + o(7?) (7)
My = Bbar* — §(bs* — Bbs + B%)7* 4 o(7%) (8)
My = Bbyr* — 3(bs* — Bbs + B%)7* + o(7) (9)
My = —28bsr + (b — Bby + %72 + o(7?) (10)
M3 = 38bsr® + 1(Bbs — bg* — B)r* + o(r%) (11)
Myy = §Bbsr® + 15(38bs — bs® — 38%)7" + o(rY). (12)

‘When by # 0 we find that:
My — My = —'%ﬁ25374 + 0(74) (13)
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My + My = §8bsr* + o(r") (14)
May — My = 38bs’ + o(7") (15)
M = 18b2r* + o(rh). (16)

When b; = 0 and bs # 0 we find that:
My — My = g68%s7% + o(%) (17)
My + My = —1hofbbs + o(7") (18)
Mas — Moy = —a58bst” + o(7°) (19)
a =B (g b)e 4 o). (20)

When by = by = 0 we find that:

My — Mis = s (8bs + b0)7" + o) (21)
My + M = 220 @b + b7 + oY) (22)
My — Mrzs = -TI"I(.BbE + 542)7‘6 + U(Tﬁ) (23)
M = (8 — bo)(Bbs + b7 + o(7®). (24)

As 7 — 0 we see that the terms of the quantities D, F, and F which
involve the sine wave amplitude Q are of higher order in r than the
terms which do not involve Q. This behavior as r — 0 is consistent
with a result reported by Levin and Fomin®. Thus, a theorem presented
in Ref. 5 also applies to the Rayleigh process E({,a). That is: If R(t,a)
is a Rayleigh process, defined in paragraph one, having a finite expected
number of axis-crossing points per unit time at any level R, then two
successive axis-crossing intervals at that level R are statistically depen-
dent.

The theorem implies that the successive axis-crossing points of the
Rayleigh process R(t,a) at any level R do not form a Markov point
process.
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Errata

A Note on a Signal Recovery Problem, by I. W. Sandberg, B.S.T.J.,
43, November 1964, pp. 3065-3067.

On page 3066, replace | f2(t) |* by | fa(2) [*, and replace $[w] = flw] — w
by ¢lw] = ¢[w] — w. On page 3067, replace max (i , ¢s) by (ei* + 5",

7. 2.
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