On the Decomposition of Lattice-
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The problem of decomposing an arbitrary periodic function defined on
an n-dimensional cubic lattice into finite linear combinations of certain
primitive functions ts considered. Generally, a primitive function is one
which periodically assumes only the values &1 and 0. Rather simple neces-
sary and suffictent conditions are derived for such a decomposition and
when a decomposition is possible, an algorithm 1is given which accom-
plishes it. These results have been used in recent generalizations of the Ewald
method.

I. INTRODUCTION

In a study of the classical problem of the calculation of the potential
due to an ionic crystal lattice, and in particular, generalizations of the
Ewald method (Ref. 1) along the lines of Nijboer and Dewette (Refs.
3, 4), W. J. C. Grant (Ref. 2) proposed the following problem: Suppose
we say that an ionic erystal lattice is primitive if for a suitable choice of
origin there exist three vectors &, , &, , 3 such that the charge at the
point m &, + neFs + naf; is just @ (—=1)""""" for some fixed ¢o and for
all triples of integers (n:, na, n3) and that the charge at all other points
is zero. (For example, the ordinary NaCl lattice is primitive with the
#; taken to be the unit coordinate vectors and go = 1.) The question is
then: Which crystal lattices can be decomposed into finite sums of
primitive lattices? Different primitive lattices in the decomposition may
have different origins and by the sum of two lattices we mean, of course,
the component-wise sum.

The object of this paper is threefold:

(i) The problem is extended to its natural n-dimensional analogue.

(#) Rather simple necessary and sufficient conditions are given for
the existence of the desired decomposition.
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(#42) When such a decomposition is possible, an algorithm is given
which accomplishes it.

II. PRELIMINARY IDEAS

In order to illustrate the basic ideas which will be used in the proofs
of the general (n-dimensional) theorem (see p. 1200), we begin by con-
sidering the following one-dimensional version.

Suppose we call a real-valued function f defined on the integers
primative if for some integers z and ¢ it is true that

=D i z=ar +c
/@) = {0 otherwise
for all integers a. The question then becomes: What is the set of all

those functions which can be represented as real finite linear combina-
tions”™ of primitive functions? For example, the function g defined by:

0 if z=0 (mod4)

_ 1 if z=1 (mod 4)

9() = 2 if 2= 2 (mod4)
—3 if z=3 (mod 4)

may be decomposed into a linear combination of primitive functions
by: -

g() = —q(2) + 20:(2) + ga(2)

where
_ (=1 if z=2a
9i(z) = {0 otherwise ’
N (_1)'3 if z=2a + 1
g:(2) = {0 otherwise '
gs(2) = (—1)"

We can write this more graphically if we usc the notation
f: trryQo, A1,y Q2, t

to denote the fact that f(0) = ao,f(1) = a,, ete. We then have

* In this paper, linear combination will always mean finite linear combination.
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- o 7_17 0111 0: T
e oo, 0, 2,0,—2, -
Ja: -, 11_1717_11 e

g: -, 0, 1,2 -3 .--.
Similarly, if we start with
hi oo, 1,3,-2,—1,-32, -

then the desired decomposition is easily found to be:

h:---,10, 0,—1, 0,0, -
3hy: - -,03, 0, 0,—3,0,---
—hy: - -,00,—2, 0, 02, ---

byt oo, 1,3,—2,—1,—3,2, - -

In general, it is clear that any linear combination f of primitive func-
tions is periodic and that within a period the sum of the function values of
f must be zero. If a function has these latter two properties, we say that
the function has mean zero. It might at first be surmised that any fune-
tion with mean zero could be written as a linear combination of primi-
tive functions. However, aitempts to decompose the periodie function

gi -+ ,1,-10,1,—1,0, --- .

(the bar indicating a complete period) soon lead one to suspeect that
this initial guess is incorrect. (In fact, ¢ cannot be decomposed into
primitive funections.)

One question which arises immediately is exactly which periods the
primitive components of a function f might have, if f itself has some
period p (where we say that f has period p if f(z + p) = f(z) for all
z). In the preceding example, while g has period 3, perhaps there is a
decomposition of g for which the primitive components have much
larger periods. (It will turn out, however, that this is not possible.)

To answer these questions, we first introduce some notation. If g is
a function defined on the mtegers,” then by g(z/r) we mean the func-
tion defined by:

2\ .. 2. .
(z) g (—) if < is an integer
g\-) = r T
-
0 otherwise

* In general, in this paper all functions assume the value 0 on points with non-
integral coordinates.
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Let 2(z) denote the function which assumes the value 1 on all integers.
Thus, if the funetion f which we wish to decompose has period

p=2"2m + 1),

then by forming the functionsi[(z — k)/(@m + 1)]f(2),0 =k <2m + 1,
we have functions which “sample” f at points separated by a distance
of 2m + 1. For example, if f is given by

f: ] 1:3)_6)3;_5141113;_6:3;_5141 e

so that the period of fis 6 = 2-3 (where we will assume that f(0) = 1)
then we have

i(zgl)f(z):...,o,& 0,0,_'5,0)--.

.(z—z
7

Note that i[(z — &)/ (2m + 1)]f(z) also has period p and, in general,

fl2) = 2Zm (2 +1)f(2)

The result toward which the remainder of this section will be devoted
can now be expressed simply in the following way: If f has period

p=2(2m+1)

then f can be expressed as a linear combination of primitive functions if
and only if for each k the function i[(z — k)/(2m + 1)]f(z) has mean
zero.

It follows from this, for example, that if p = 2° then f can be decom-
posed into primitive funetions if f has mean zero. On the other hand, if
f has an odd period p = 2m + 1, then each function [ (z — k)/(2m + 1)]
has just one nonzero value per period so that f can be decomposed into
primitive function if it is identically zero.

We now give a series of lemmas, informal proofs and examples which
will indicate the ideas needed for the proof of the general theorem. An
outline of our plan of attack is to establish the following results:

If f is a linear combination of primitive functions then for
any k and for any r # 0, f[(z — k)/r] also is a linear combi-
nation of primitive functions. (1)

i(??;)f(z): 51,0, 0,3, 0,0, -

)f(z):---,0,0,—ﬁ,O, 0,4, ---
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If f is a linear combination of primitive functions and f has
period p = 2°(2m + 1) then forall k,2[(z — k)/ (2m 4 1)]f (z) @)
has mean zero.

If f has period 2° and mean zero then f is a linear combination 3)
of primitive functions.

Assuming we have established (1), (2) and (3), the proof of the
original assertion follows directly. One direction follows immediately
from (2). To show the other direction assume that for each k, i[ (z — k)/
(2m + 1)]f(z) has mean zero. Notice that each funection ¢[(z — £)/
(2m + 1)]f(z) is just an “expanded” copy of a function f(z) which
has period 2 and mean zero (ie., i[(z — k)/(2m + 1)If (2) = fil(z — k)/
(2m + 1)]). Hence, by (3), fi.(z) is a linear combination of primitive
functions and it then follows by (1) that this is also true of fi[(z — k)/
(2m 4+ 1)]. Consequently

CED I CALATEIY WA EALY

is a linear combination of primitive funections and the proof is completed.
It remains to prove (1), (2) and (3).
The proof of (1) is straightforward. We first note that if f(z) is primi-
tive then f[(z — k)/r] is also primitive for any % and for any » = 0.
For by hypothesis there exist @ and ¢ such that

1) = {(—1)“ if z2=ax+ ¢

0 otherwise

On the other hand, by definition we have

f(z-—k)z {f(y) if z=1y+k

r 0 otherwise

(z _ k) (=" if z=r(az+c¢) + &k
f =
r 0 otherwise

{(—1)“ if z=a(2) + (re+ k)

0 otherwise

Hence

Il

Il

and so f[(z — k)/r] is primitive. The extension to linear combinations of
primitive functions follows at once and (1) is proved.

In order to prove (2) we first need an auxiliary result (a simplified
version of Lemma 2). This is: Suppose f has periods p = 2°(2m + 1)
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and p’ = 2" (2m" + 1). Then for any k, i[(z — k)/ (2m + 1)]f(z) has
mean zero iff i[(z — k)/(2m’ + 1)]f(z) has mean zero. To prove this,
let us first assume that @’ = @ and 2m + 1 divides 2m’ + 1. The sum

>V il(z — k)/(2m + 1)]f (2) is exactly the sum of the f(z) for which
z— k=0 (mod2m + 1),and0 =z — &k < p — 1 (sincei[(z — &)/
(2m + 1)]f(2) has period p). There are 2° such values of 2 — k, namely,

z2—ked =1{0,2m+ 1,22m + 1), ---, (2° — 1)(2m + 1)}.

Similarly the sum Zz_.o i[(z — k)/(2m" + 1)]f(2) is exactly the sum of
the f(z) for which 2z — k& = 0 (mod 2m’ + )and0 <z2—k <p — 1.
Again there are 2 such values of z — k, namely,

z—keB=1{0,2m +1,2@m + 1), -+, (2" = 1)2m  + 1)}.

All the elements of A and B are congruent to zero modulo 2m + 1
(since 2m -+ 1 divides om’ + 1). Also since 2m + 1 and 2m’ + 1 are
odd then both sets A and B contain a complete residue system modulo 2°.
Hence modulo p, A and B are identical. Since f has period p then

p—1

S i(22k)r0 = Tre = Zre = S i) e

z=0

If we now assume that @’ = a (instead of ¢’ = @) then it is not diffi-
cult to see that

p'—1 _ p—1

5 (i) = 2 B i (a5 e
Thus what we have shown is that if f has periods p = 2°(2m + 1) and
p = 2 ‘(em’ + 1) wherepdlwdes p then i[(z — k)/(2m + 1)1f(z) has
mean zero iff 2[(z — k)/ @em’ + 1)]f (2) has mean zero. Slnce in general
a function which has periods ¢ and ¢’ also has period (g, g ) (the greatest
common divisor of ¢ and ¢'), then the initial assertion follows at once.
As a simple example consider the function f given by

f: Tt 1!31_25_1)45211:37_21_1:4!2’ e

This function has 6 = 2-3 as a period and 7(z/3)f(z) has mean zero
since

i3 = [0) +16) = 1 =1 =0,

However we may also consider f as having a period of 12 = 2°-3 in
which case i(z/3)f () has also mean zero since
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11

Z_Zui(Z/3)f(z) =f(0)+/(3) +f6) +/9) =0.

T'inally, f has a period of 18 = 2.3 and 7(2/9)f (z) still has mean zero
since

17

;5(2/9)1'(2) =f(0) +f(9) = 0.

Our next step will be to prove (2) using the result just established.
We first show that if f is primitive and has period p = 2°(2m + 1) then

p—1

Z‘, '(2 T 1)Jr(z) =0 forallk (4)

To see this, we partition the integers into two-element subsets {u; , v}
such that »; = u; + 2m + 1 for each <. Since f is primitive there exist
integers x and ¢ such that

f(z) = {( 1) if z—m,—i-c

0 otherwise
Since
wir = vx (mod 2m + 1)
and v; — u; = 2m + 1 is odd then it follows that
flux +¢) = —f(vx + ¢) foralld.
But

fuax — kL fvax—k .
z(m) = z(2m T 1) for all 7 and k.

Consequently it follows from the fact that f has period p that

p—1

§ (2m T l)j(z) 0 forallk
\
and (4) is established.
To establish (2) assume that f has period p = 2°(2m + 1) and is a
linear combination of primitive functions f;, 1 < ¢ = ¢. If f; has period
pi = 2%(2m; + 1) then by (4) we know that

pi—1 2z — k
Z ?,(m)fx(f!) =0 forallk.
z=0 i
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Hence, if we choose ¢ = pips * -+ Pip = 2 (2m’ 4 1) then by the sim-
plified version of Lemma 2, we have

g—1

Z (2 ,+1)f(z)——0 for 1 =7=<1¢ andallk.

Consequently

g—1 2 —
Z: (2 ’+1) () =0

since by hypothesis f is a linear combination of the f; . But f has period
p so applying the Lemma 2 result again we find

p—1

z—
Z; (2 - l)f(ZJ =0
and (2) is proved.

We are left with (3) to prove. To do this we first establish the follow-
ing result: If h(z) is defined by h(z) = (—1)° then for a fixed n, the
2" — 1 functions A{(z — k)/2",0 = k < 2',0 = r < n, are linearly
independent over the reals. This is easy to see since for a fixed r,
R[(z — k)/2"] assigns a nonzero value only to those z such that z = k
(mod 27). Hence for &k = 0,1, ,2" — 1, the h{(z — k)/27] assume
nonzero values on disjoint sets. On the other hand, A[(z — Ir) /2 ] assigns
different values to the points & and k + 2" while any h[(z — k) /2" ]assugns
the same value to these points for »’ < r. Thus, & [(z — k)/2]is not a lin-
ear combination of other k[ (z — k)/2°] for s < r. This establishes the in-
dependence of the h’s. Note that for0 = k < 2"and 0 = r < n, the func-
tion h[(z — k)/2"] has period 2" and mean zero. By taking suitable
linear combinations of the 2" — 1 independent A[(z — k)/2"], we can
form functions f which assume any desired values on the points 0, 1, 2,

, 2" — 2. Of course, we must have

2n_2

1@ =1 = - 216,

Consequently the 2" — 1 functions k[ (z — k)/2'] form a basis for the set
of all periodic functions with period 2" and mean zero. That is, any func-
tion f with period 2" and mean zero can be written as a linear combina-
tion of primitive functions with period 2". This completes the proof of

3).
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To conclude this section we give an example which illustrates the ease
with which the primitive components of a funetion may be found. Con-
sider the function g given by:

g: -, 112)_517!%11 - FJ%FO) Tt

¢ has period 8 and mean zero. The only component h[(z — k)/2"] which
can cause a difference in g(0) and g(4) is

h(z/4): ---,1,0,0,0,—1,0,00, ---.
Since a h(z/4) assigns the points 0 and 4 values which differ by 2« and
g(0) —g#) =3

then by choosing &« = § we obtain the h(z/4) component of g. Perform-
ing similar ealeulations for h{(z — k)/4], k = 1, 2, 3, we obtain

n() = g@) —ih(%)— (”;1)1;(2;1)
ENETRNEE

given by

3
gl(z): "'si!

(which has period 4). We apply the same arguments to the decomposi-
tion of g, (z) into the A[(z — k)/2], k = 0,1, and find

g2(2) = g(2) — gh (%) — G - g) h (z—;—l)

given by

92(3);...,_ , Sy

W | G2
]

3
:1!'_

Hal o
H=| L
H=| &
H=|
]

so that g.(z) = —%h(z). Consequently g has been decomposed into
primitive functions. Graphically we have:
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ih(i):-, i, 0, o 0, -1, 0, o, 0,
jl)h(zzl):---, 0,"‘2"1, 0, 0, 0,—(":1), 0, 0,
_Hh(z—Z):“_, 0, 0’_E, 0, o, 0, 1_1, 0,

1 1 1 4

gh(z:g’): , 0, 0 0 ; 0, 0, 0, —g,

S G IR I S U S
gz : -o 1, 2, —5, 1r, % 1—m ; 0,

11I. THE GENERAL THEOREM

We are ready to proceed to the n-dimensional generalizations of the
results of Section II. The proofs given will use basically the same ideas
as before although the technical details become somewhat more formal
and involved. We begin with some definitions.

Let Z" denote the ring of n-tuples of integers with component-wise

addition and multiplication. That is, if ¢ = (a1, **-,a.) and b =
(by, -+, bs) are elements of Z" then
a+b= (a+b, - ,a + ba)
and
ab= (ar-by, -+ ,an ba).

In general, unless otherwise noted, lower case Latin letters without sub-
seripts will denote elements of Z"; lower case letters with subscripts will
denote elements of Z, ie., integers. f ae Zand ¢ = (q1,q, " , qn)
e Z" then we define ag to be (aq:,ag, -, ag.). The n-tuple (1,1,
-++, 1) will be denoted by e. By a < b we mean a; < b;for1 =7 = n.

A function f: Z" — R (the real numbers) is said to be primitive if

there exist a,z"”, ---, 2™ & Z" such that
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I’(_l)c1+..-+nn if 2z = Cl'.E“) + D + CH;E(") + a

fz) =
10 otherwise

forall ze Z".
Let G denote the real vector space generated by the set of all primitive
funetions. Z"" will denote the subset of Z" consisting of those n-tuples

which have all positive coordinates. If m & Z"" then P,, is defined by

P,=lzeZ: 022 <m

an element of Z and also the n-tuple (0,0, ---,0).)
A function f: Z" — R is said to have period m if

flz + km) = f(z) forallz, keZ"

(ie.,0 = z; < m;for 1 = 7 = n, where 0 will be used to designate both

If f has period m and

> fkE =0

zePm

then f is said to have mean zero. Let . denote the real vector space of
all functions of period m which have mean zero. Next, we define

Iz —a)/bl, b =0,
by

s JGp if z=by+a
1(59) -

b 0 otherwise

Forae Z, o 0, let E(a) and O(a) denote the “even part” and “odd
part”’ of « respectively. In other words, if &« = 25(2u + 1) for 8, p e Z

then E(a) = 2* and Ol@) = 2u+ 1. Form = (my, -+ ,m,) e Z",
E(m) will denote the n-tuple (E(m,), ---, E(m,)) with O(m) defined
similarly.

Finally, for m & Z", let F," denote the real vector space generated by

{ o(m ))fLEFE(m),aS7}

We note that if m = e = (1,1, ---,1) then §,* = &, ; in general, we
always have §," C F,..
We come now to the main result of the paper, This is the following:

the set of functions
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Theorem.
gNF, =Fun"
for me Z"F,
The proof of this theorem will proceed in a series of Lemmas parallel-
ing the steps taken in the preceding section.
Lemma 1. If g(2) € G then gl(z — a)/rle G forall ae Z" and r & Z"™.

Proof. We first show that if f(z) is primitive then f[ (z — a)/r] is primi-
tive. If we assume f(z) is primitive then by definition there exist
bz, -+, 2™ & Z" such that

(_1)c1+...+c" if 2 = C]ﬂ:(l) + .. + cnx(n) + b.
fz) = -

0 otherwise

On the other hand

f(z_a)z fG if z=ry+a.

0 otherwise

Therefore

(=Dt i =™ 4+ -+ ™ +b) ta
)
0 otherwise
(=)t =) + - ™) +rbta
0 otherwise

and hence, f[(z — a)/r] is primitive. By applying this result to a linear
combination of primitive functions, i.e., an element of G, the lemma, fol-

lows.
Let i,7: Z" — R be defined by

i(z) = 1, 7(2) = 2122 -2, forall z= (21,20, -+ ,2.) e Z"

Lemma 2. Let eom e Z™F, r = em and suppose f: Z" — R has period
m. Then for any a e Z"
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2 (0( )>I(z) = = (E@©) 3 i (0( ))f(z)

Proof. We first note that since
E()O()E(m)0(m)
E(@)E(m)0(e)O(m) = E(r)O(r)

r=cm

then
E(r) = E(c)E(m) and O(r) = O(c)0(m).

By definition

i (Ofou )) (@) = 2,76

and
5 (Gam )0 - 5o
where
A=1{2:0=<2z=1£k0()O(m)+ a < O()m forsome k}
and

={z:0 =2 z=1k0(m) + a <m forsome k}.

Hence, for each set, the values which & may assume are just a transla-
tion of Prew , there being w(E(m)) values in all. Since O(m) and
0(c)O(m) are odd (i.e., each component is odd), then A and B both
contain a complete residue system modulo E (m). Consequently, since all
the elements of 4 and B are congruent to @ modulo O (m) then modulo
E(m)O(m), A and B are identical. Sincem = E (m)0(m) and f has period
m then the sums 2 f(z) and E f(2) are equal.

zed
We also note in general that for any s e Zn"

(o) 1o = w2 (557) o

since Py, is the disjoint union of = (E (c)) copies of P, . Therefore we
have
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£ (o) = £ (5m) 0
= e (O(Zc)O( ))f .
=2 3 i(ghris) 1@

@) Ei(500) 1

and the lemma is proved.
We should note that as a corollary to this lemma we obtain:

1 (z _ ﬂ') f(z) has mean zero iff
cm
(5)

i (z ; a) f(z) has mean zero.

We are now in a position to prove the important

Lemma 3. Suppose g € G has period p & Z"*. Then for all a € Z",

zi(oe)00 -0

Proof. We first show that the above conclusion holds if we assume that
g = fis primitive with period ¢ = (@, @, - - - , @). In this case there exists
e, <o, 2™ e Z" such that

o) (=)t i 2= a2® + - 4 aa™ +c
; 0 otherwise '

To each u = (uy, - ,u,) & Z" we can associate the unique point
v= (v, - ,vn) e Z" suchthaty, = wy £ 0(q), v: = u,;for? > 1, where
the =+ sign is chosen so that Z" is decomposed into the union of disjoint
pairs {u,v}. It follows at once that

wz® 4+ -+ uz™ = 0™ + -+ 22 (mod 0(q)).

Since

Z = +0(g)

-,
[}
-

is odd then
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f(ul-’cm + -+ '™ + c) = —f(?h.’b‘m + -+ vz 4 ¢).
Also, note that for all a e Z"

«;(um:‘” + oo+ ua®™ - ) - (vxm‘” + ot ra® - )
0(g) O(g) '

Since f has period g then we must have

£ (5a) 0 -0
as asserted.

We may now remove the restriction that f has period of the form
g= (a,a, -+ ,a) = ae. If we assume f has an arbitrary period p & Z" nt
then it is certainly true that f also has period = (p)e. By above we have

= (o)1 -

Since p divides m(p)e then by (5) we see that

i(G5)e -0 ©

Finally, to prove the lemma assume that
t
g = E a;f;
=1

where the «; are real and the f; are primitive. If f; has period " then
by (6) we have

2 i ( o0 m))fj(z) 0 for 1=j=t

pp(?)

If g has period p and ¢ denotes pPp® ... p'“p then by Lemma 2
Pzz(ﬁ)f,(z) =0 for 1=j=t

Therefore

2i(t)ee - maTi (e s =0

so that applying Lemma 2 again we obtam

Z”(O( ))9(2) =0

since g has period p. This proves the lemma.
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The final lemma is an n-dimensional generalization of (3). Its proof,
however, is considerably more complicated.

Lemma 4. If m = 2% for some a & Z" then §,, C G.

Proof. It will be sufficient to show that there exist 2" — 1 functions
in ¢ which also belong to F,, and which are linearly independent over R.
Let ¢ denote the & X k matrix of the form

1 1 1 1 cee 1
1 -1 1 1 cee 1
1 1 -1 1 1
C(k) —
1 1 1 -1 1
1 1 1 1 v —1
and let D® denote the k X k matrix of the form
0 0 0 s 0 0 1
0 0 0 s 0 1 1
0 0 0 1 1 1
DU-') —
|
1 1 1 1 1 1
In other words,
(1 for i =1
Cij =

(1 —26; for 7>1
and
0 if i+j=<k
d,‘j=

1 otherwise
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where §;; is the Kronecker é-function. Define B."” to be the » X » matrix

of the form

0 C(v—x+l)

B = (D( b ) for 1=k =v
- 0

where 0 denotes the appropriate zero matrix. Let r,," denote the point
of Z’ formed from the Ath row of B,”. Finally, let f,"” denote the func-
tion in G defined by

f (P)( ) (_l)n]+-..+ll" if 2= al?'x,]“) + . + a'_ril'{v)
x Z) = .
0 otherwise

We show first that the functions f,"”’, 1 £ « < », are linearly independ-
ent over . To accomplish this it suffices to show that forany «, 1 = « =
v, there are two points p and ¢ in Z” such that

717 ) = 1.7 (@)

while
ffm (P) = frm (Q) for x <1t =

What we show in fact is that if | f.”’ (p) | = 1 then f,u” (p) = 1 for
1 < « < v. This may be proved by showing that if s € Z" is any Z-linear
combination of the r,,"”’, 1 £ A £ », then s can be written as a Z-linear
combination of the r.+1_;‘"), 1 £ A = v, such that the sum of the coeffi-
cients is divisible by 2. We proceed by induction on ». For » = 2 we

have
B = (1 1) B,? — (O 1) .
1 -1/’ 1 0
Since
1a® = 1o, ® 4 ry,®
and
ra® = 120® — 7y, ®

then any Z-linear combination of the r;,® can be written as a Z-linear
combination of the r,,® with the sum of the coefficients divisible by 2
and the assertion is true for this case. Now assume the hypothesis for »
and let
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v+1 ¢
1
8§ = z ApT ) r+)
A=1

be a Z-linear combination of the r,,"”*". There are two cases.
(i) Suppse ¥ = 2. Note that B,”™ and B,,"*" have the following
forms:

0
0
B ) B_l(ﬂ
0
11---10 0)
—_———
k—1
0
0
B+1(V+1)= B‘fl')
0
11---10 --- 0]
S ——

K

We also note the important fact that 7,41, " has all zero components
except for the xth component which is 1. Thus we have
(v+1)

v+1) (v+1)
Tx.»+1 - 'r:+1.w+1 - T(-I—l,v—l .

Now s can be written as

r+1) (v+1)

v
g = {V_; aren” 4 @yt

By the induction hypothesis (since the r,,\*"" differ from the r,,*,
1 = N = », only in an extra zero component) we can write

v
{(v+1) (v+1)
E [OVPSY = E b)\rx+l..\
A=1 =1
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v

where Y by is an even integer. Hence
a1

¥

(v+1) . (v+41) (v+41)
s = Z bﬂ':+l.A + ﬂv+1(‘:+l.n+l = Tatl,o—x )
A=1

Here, s has been written as a Z-linear combination of the r. 12" with
the sum of the coefficients even and consequently this case is finished.,
(ii) Suppose x = 1. We write B,""" and B,;""" as

Bl(ld-li _ Bl(v)

1
BZ(V+ ) Bz(v)

We note that

(r+1)

. (vt . (v+1)
71,041 = T2 + 2,41 .

As before, by the induction hypothesis we can write

1 »
D) (v+1)
E (LN = Z bara
r=1

A=1

v
where D by is even. Consequently we have
A=1
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o
Il

v
. kD) (v+1)

)‘Z axry,a + @yl

=1

321 bren”™ + @pia (12, + 12, ”)
which expresses s as a Z-linear combination of the r,,”*" with an even
coefficient sum. This completes the induction step and the proof of the
assertion that the f,"’, 1 < x < », are linearly independent over R.

A more careful examination of B,” reveals the following:

(B.) 'rx.)\+1(w) - ?'x.k(” = (al‘v—)\ ) 52.97?\ y T, av,vkk)
forv—k+1=X=Zv—1.

(b) r"l(v) - Tr.hw) = (261.:+?\—1 3 252,:+R71 y Ty 26»,:{-171)
for2 =A=v—Fk+1.

) 2raa” — (v —x — 2)ra™ = (2610, 2000, -+, 28,.0).
A=2

Since the linear combinations of the r,,” in (a), (b) and (¢) all have
the sum of coefficients an even integer then

T (2800, 2800, -+, 26,0)) = £ (0)

for1 A, « < ». Hence £, has period 2¢ = (2,2, -+, 2). Also we note
that the only points in Ps, C Z” at which £, is nonzero are just those
Z-linear combinations of the r,,” which have all coordinates 0 or 1. It
is not difficult to see that the only points of this type which may be gener-
ated are the 2« points of the form (e¢1,c2, -+, ei1,¢0,¢0, -+, co)
where ¢; = 0 or 1. By a translation of f.*' by a we mean the function
Jea” defined by

o (@) = [ — a).
By letting the a range over the set of points
A, = {(0:2, oo, 0,dy,ds, e ,duy)idy = 0or 1},
the 2" translations f,.'”, a & 4, , have the property that for each p e
Py, , exactly one of the f,." assumes a nonzero value at p. In fact, if we
define an inner product (fe..”, fis") for fo.”’ and fr," by

Gea”, 510”) = 2 fea” @)rs” ()

pePay,
then the inner product of any two distinet functions f, ., ", a e A,
beAy,1 =k, A = v, is zero. Since

(fea”, fea®) = 2¢
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then by introducing the “normalized” basis functions

f“ﬂ[v) _ 27",2‘!-‘.“(1')

we see that theset of (1 + 2 + -+ 4+ 2 = 2* — 1 functions f, .,
aeA,,1 =« = v, are orthonormal. Thus, we have shown that F.. C G.

The extension of this technique to show that Fa, C G is quite similar
and will be omitted. The basic idea is simply to introduce the ‘“‘expan-
sions” fran” of fe."” defined by

.fx.n,h{y) (z) = .fx.ﬂm (2/’)\) for X = 2 ’ 211 Ty 20{_1:

and then by taking suitable normalized translations of these functions,
obtain an orthonormal basis (in G) for Fs, . This shows that

Fm = Foap, C 9

and the proof of the lemma is completed.
We are now ready to proceed to the proof of the

Theorem.
gNF, =Fu
forme Z"".
Proof: g N &, C F."

Let f e g N &, . Since [ has period m then by Lemma 3, we have for all

aeZ"
zg,,. (O( ))f(z) =0.

Since

0 = o 1o

and each of the functions i{[(z — a)/0(m)]f(z) can be written as
h[(z — a)/0(m)] for some h & Fem) then f € F,.  and this direction is
established.

gNg,>5,"

We have already noted that F.. * < %,. . It remains to show that ,,* © g
By definition &, " is the real vector space generated by the set

(h[(z — a)/O(m)]: he Fgum,aeZ"}.
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By Lemma 4 we have
Femm) C Fronne © G-

Thus, if h € Fe@m then h & G. But by Lemma 1, & & G implies
h(z — a)/0(m)] e G.
Therefore, since G contains a set of generators for &, * then §,.* < g.
This completes the proof of the theorem.
IV. CONCLUDING REMARKS

As a concluding example of the results of the preceding section, we
consider the decomposition of the function f generated by the charge dis-
tribution of the crystal structure of potassium tantalate, KTaQ,. This
compound forms face-centered cubic crystals with a charge distribution
as shown in Fig. 1. That is, a +1 is situated at each vertex, a —2 at each
face-center and a 45 is located in the center of the cube. The periodic
function f defined by this distribution has period (2,2,2) and is shown in
Fig. 2 (which is the forward upper left octant of I'ig. 1). We have

11 1), 01 1), 00 1
Bl(ﬂ) = |1 -1 1 ) B2(3) =lo 1 -1 , Ba(S) =10 1 0
1 1 -1 1 0 0 1 10

s0 that the 7 basis functions into which f will be decomposed are as shown
in Fig. 3.

+1 +1

1
+1 ! <\
i
|
i
|

- T I " )

+ +1

+1 +1

Fig. 1 — Charge distribution of KTaO; .
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z
0 -2
+1 (o)
-4
-
-
-
2 +5
o == x

Fig. 2 — A period of the periodic function.

-1 -1 0

1213

o] 0 o [
G 0 ° o 1 -1 °
o) o 0 o) +1 0 0 +1
0 0 +1 0 o] 0
(3) 3
i, (0,0,0) 0.0 FE}(ou.o) £k
-1 +1 [} 0 +1 +1
] (o] -1 1 =1 1
0 o +1 4 -1 -
+1 -1 +1 +1
f'(2%](!1'.!3'.0) f‘(2{‘)(0,!.0) F{;.)(o,o,o)

F1ac. 3 — The seven basis functions.

+1-1=0

-1-1==-2

-2+2+1=1

Sl-2+H1=-2-1-

Tep-H1-2+41=0

t2+2+H1=+5

+1-1=0

—1-t=-2

Fig. 4 — Decomposition of the periodic function.
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The coefficient of fi .00 is obviously (0 — (—2)) = 1, ete., so
that we obtain

@ @ @
f=hoon —haee — fuoin

(1) [6)] 3

+ 2f,000" = 2010 = froon"

Graphically, this equality is shown in Fig. 4.

The author gratefully acknowledges many enlightening discussions on
this subject with H. O. Pollak (whose ideas along the lines of generating
functions led to a short solution of the one-dimensional problem) and
W. J. C. Grant (who originated the problem ).
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