The Fabry-Perot Electrooptic Modulator

by E. I. GORDON and J. D. RIGDEN
(Manuseript received October 10, 1962)

The Fabry-Perot modulator, consisting of Fabry-Perot etalon plates
separated by an electrooptic material such as KDP, 1s analyzed in detail.
Time-dependent perturbation theory is used to describe the coupling of the
azial modes by spatial and time varying perturbations in the dielectric
constant. The perturbations are produced by the applied mierowave modulal-
ing field. It is shown that the correct choice of the spatial variation of the
microwave modulating field is essential to achieve efficient modulation and
the choice is equivalent to malching the phase velocities of the microwaves
and the light.

Power requirements, heating, and bandwidth are discussed and a com-
parison 18 made to the traveling-wave modulator described by Kaminow,

Calculations indicate that bandwidths of several hundred megacycles,
centered al any microwave frequency, can be obtained with the expenditure
of several walts of modulating power.

I. INTRODUCTION

Light modulators, operating at microwave frequencies, have been
receiving considerable attention. Recently, Kaminow,! using the Pockel’s
effect in KDP, produced usable amounts of modulation at an X-band
frequency. The modulator was operated on a pulse basis because of the
large power dissipated per unit volume in the KDP. One solution for the
problem of heat dissipation as discussed by Kaminow! and others,?
requires careful matching of the phase velocity of the microwaves to the
light velocity in the electrooptic material, and calls for the construc-
tion of a long modulator. The resulting large coherence volume decreases
the power dissipation to a value low enough to allow continuous opera-
tion.

The mechanical difficulties, as well as the transmission loss associated
with long rods, among other problems, has made the realization of such
low power modulators impractical. On the other hand, the advent of
sources of monochromatic light energy, such as the optical maser, pro-
vides alternatives not available with conventional light sources.
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Fig. 1 — Schematic of Fabry-Perot modulator.

We refer, in particular, to resonance or cavity techniques analogous
to those employed at microwave frequencies. Here, the coherence
volume of the material is made effectively larger by virtue of the multi-
ple reflections within the resonant cavity. The particular technique
which we wish to describe is the use of a IPabry-Perot etalon (FPE) in
which is included an electrooptic material, as shown in Fig. 1. Although
the bandwidth over which modulation can be accomplished is limited
by the use of an optical cavity, a bandwidth of several hundred megacy-
cles centered at any microwave frequency should be readily attainable.

Before proceeding with an analysis of the modulator it is worthwhile
to consider some simple points of view which indicate the correctness
of this approach. The relative transmission I, through a lossless FPE
can be written’

I, =[1 4+ 412(1 — T*) " sin’ ] (1)
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in which I is the power reflectivity of the reflectors and ¢ is the phase
shift, for a single pass. The phase shift, for normal incidence, can be
written ¢ = 2xfLu/c + 6, in which f is the optical frequency, L is the
etalon spacing, ¢ is the vacuum light velocity, p is the index of refraction
and @ is the phase shift upon reflection.’ It should be possible to con-
struct a modulator in which L, 6 or p is varied, thereby varying ¢ and
modulating the transmitted intensity. We shall be concerned with
variations in p through the electrooptic effect. In particular we will
be interested only in phase shifts associated with volume effects rather
than the surface effects associated with variations in reflectivity. The
latter are many orders of magnitude less significant.

In the absence of modulation, the transmission characteristic as a
function of frequency is given by (1) and is shown in Fig. 2. The trans-
mission peaks occur at frequencies f. = ac/2Lu for which ¢ = am.
The integer a is the number of half wavelengths in the cavity. The
frequency difference between adjacent peaks is ¢/2Lu. For the purpose
of discussion assume that the frequency of the incident light corresponds
to one of the transmission peaks. Assume also that the index of refrac-
tion has a varying component that takes the form of a cosinusoidal
standing wave as shown in Fig. 3(a), with a frequency w./2r = ¢/2Lu
and wavelength 2L. The variation is equivalent to oppositely traveling
waves with phase velocity equal to the light velocity, ¢/u. With a peak
variation dg cos w,t, the amplitude of each wave is 3éu. Under these
circumstances, the perturbed phase shift travels in synchronism with
the light producing a cumulative phase shift,

do = mfulic 'op cos wnt = 2am(p/p) cos wal.
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Fig. 2 — Transmission vs frequency for a Fabry-Perot etalon.
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Since 8u/p is of order 107" for practical cases, and ar is of order 10°,
it follows that 8¢ < 107" and (1) can be written

Io~ 1 + (1 — T *(amdu/p)’ cos’ wat] . (2)

Choosing the reflectivity I = 0.9 indicates that the coefficient of
cos’ wal can easily achieve the value unity, leading to large intensity
modulation. Note that the modulation rate is twice the modulating
frequency, which is consistent with the fact that the transmitted in-
tensity is an even function of the induced phase shift.

From (1) the separation of half-power frequencies or pass band of
the FPE, shown as Af in Fig. 1, is given by

Af & f.(1 — T?)/axT. (3)

Tor a one centimeter long etalon, with T* = 0.9, and ¢/2Ly = f./a = 10",
Af & 300 me/s. One wonders whether this represents a limiting rate
at which the light can be modulated, since the pass band Af represents
the maximum rate at which the stored energy in the cavity can be
varied. When the perturbation in dielectric constant is uniform across
the etalon, it will be shown that the maximum possible modulation
rate is of order Af/2. However, when the phase velocities are matched
as described above, there is no limiting modulation rate.

We can obtain an intuitive appreciation of the lack of a limiting
modulation rate by considering Iig. 3. The perturbed part of the dielec-
tric constant e, shown as &e in Fig. 3(a), is depicted as a standing wave.
This standing wave corresponds to the microwave modulating electric
field which is assumed to have a field component normal to the reflectors.
This component produces the variation 8e. The optical field, excited by
the incident light, is shown as the standing wave, FE, in Fig. 3(b).
In addition to the displacement current, e)k,/dt, there will be a per-
turbed displacement current, d8ek,/dt, shown in Fig. 3(c). It can be
seen that the perturbed displacement current has the appropriate
spatial distribution to excite the modes Fuy shown in Fig. 3(d) and
3(e).

The microwave modulating frequency fm = wn./27 is chosen to have
the value ¢/2Ly, so that the sum and difference frequencies appearing
in the time dependence of the perturbed part of the displacement
current correspond to the frequencies, fuy1. As a result, components
of the perturbed part of the displacement current have the proper
spatial variation and frequency to excite the sideband modes. The
transmitted light will then have upper and lower sideband frequencies
which result from the oscillating sideband modes.
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Fig. 3 — Mode coupling resulting from perturbations in the dielectrie constant.

From the point of view of coupling of modes, there is no inherent
limitation to the rate at which modulation can be accomplished, except
that afforded by the electrooptic effect itself. However, the range over
which the microwave modulating frequency can be varied must cor-
respond to the bandwidth of the FPE modes, otherwise the sideband
modes cannot be excited strongly.

The conditions under which modulation is possible can be summarized
by the equations

fn;]:m = fa :lzfrn.
.Baj;m = Bﬂ + Bm

in which 3, is the propagation constant of the nth mode, in this case
fm and B, are also the microwave frequency and propagation constant.
Equation (4) is recognizable as the Tien w — 8* relation for reactive

(4)
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frequency mixing. Equation (4) also implies that the microwave phase
velocity equals the light phase velocity, assuming negligible dispersion.

It is not clear yet that the variation in transmitted intensity given
by (2), which follows from relatively simple considerations, is consistent
with the coupled mode picture. The next sections will be devoted to an
analysis of the modulator using time-dependent perturbation theory to
determine the transmitted field amplitudes and phases. The variation
in transmitted intensity will be computed and shown to be consistent
with (2). Other modes of operation will be described which enhance the
modulation efficiency and which can yield linear intensity modulation
at the microwave frequency. Power requirements and heating will be
considered for an X-band modulator for light at 6328 A.t Some of the
optical requirements of the Fabry-Perot cavity will be discussed with
respect to available maser beams. Finally a comparison will be made
to the traveling-wave modulator described by Kaminow.

I1. THEORY

The analytical description will be similar to that used in time-de-
pendent perturbation theory. The optical fields within the FPE will
be expanded in a set of eigenfunctions appropriate to perfectly reflect-
ing boundaries. It will be seen that the expansion coefficients are time
dependent and satisfy ‘“harmonic-oscillator-like” linear differential
equations which are coupled by the perturbed part of the dielectric
constant. The mixing or coupling terms involve integrals over the cou-
pled modes and the perturbed part of the dielectric constant.

The microwave fields will not explicitly enter into the caleulation;
rather they will serve only to produce the perturbed part of the dielec-
tric constant. Although the dielectric constant in electrooptic materials
often exhibits tensor properties we will suppress this feature since the
notation would be burdened without any real gain in generality.

The basis of the calculation will be the normal mode formulation
given by Slater.” In the absence of the perturbation in the dielectric
constant the electric and magnetic fields within the FPE are divergence-
free. Thus, we will use only solenoidal eigenfunctions which are defined
in the volume V appropriate to the FPE by the equations

k.Ea(r) = curl Hy(r), kH.(r) = curl E,(r) (5)

in which k, is the eigenvalue of the ath mode. A consistent set of bound-
ary conditions on E, and H, are taken to be

t As the modulation efficiency increases with decreasing wavelength, we have
used the wavelength of the presently shortest wavelength maser.®
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nXE =0 nH,=0 on S,
. (6)
nxXH, =0 n-E,.=0 on N,

in which n is a unit vector normal to the outer surface of the volume V.
The surface S, corresponds to the short circuit boundary while S, is
the open circuit boundary; together they represent the total surface
of the volume V. Under these conditions, Slater shows that the func-
tions E, and H, represent an orthogonal normalized set satisfying the
equations

7°E, + IE, = 0 and V'H, + I H, = 0.

The orthogonality relations take the form
f E, EdV = f H, - HdV = &,
v v

The starting point for the analysis is the Maxwell equations
curl E
curl H

—upoH /ot

) (7)
deE/ot + ¢E

in which ¢ is the volume conductivity associated with the transmission
loss of the electrooptic material, o is the vacuum permeability and ¢
is the permittivity. As shown by Slater the various terms in (7) have
expansions of the form

E(r, 1)

I

2 ea(D)Eq(r)

a

H(r,t) = 2 ho(t)H.(r)

curl E = Z H, |:1.',,P,, + f (n X E)-H.Id'S:| (8)

curl H = E E. |:.’:.,ha + f (n X H)-E,,dS]
a S,

in which dS is an element of the surface. The mode amplitudes e, and
hs are defined by

l

w(t) = [ Br, 0-Eav N
9

h() = [ Bz, 0 Hav

in which dV is a volume element. Substituting the relations in (8) into
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(7) and using the orthogonality and normality of the functions E, and
H, yields equations for the coefficients of the form

podha/ 3t + kuta = — f (n X E)-H.dS (10)
8
and
edeq/dt + oes — kaha —‘/-;. (n X H)-E.dS (11)
+ a);, (a | 8¢ | bes/0t = 0

in which we have written ¢ = e + 8¢, € being the unperturbed part of
the dielectric constant, and we have used the notation

(@ f(r) | b) = fVE,;-Eaf(r)dV. (12)

Iterating (10) and (11) yields
¢ 20%, 0 + klea + moodea/ol 4 ¢ 720" 2 (a | be/e| b)en/ ol
b

= o0 (fﬂ (n X H)-EadS)/at — ke fs (n X E) -H.dS (13)

in which ¢’ = (ue)* is the unperturbed velocity of light in the dielec-
tric. A similar redundant equation obtains for h, . The surface integrals
contain two types of field terms: (i) external optical fields incident on
the cavity as they appear on the inside boundary wall of the reflector,
which serve to excite the FPE modes, and (ii) internal fields which
account for energy lost by radiation, in particular the transmitted beam.

In the following treatment of the modulator we will assume that the
reflecting surfaces of the etalon can be characterized by a reflection
coefficient for field amplitude T' and that the surface is a “short,” i.e.,
a surface S,. The fields will be assumed to be parallel to the etalon
which is of sufficient lateral extent that the axial modes of the FPE
are essentially TEM waves with no diffraction loss. The dielectric
modulation is assumed to be uniform across the cross section. Later we
will consider nonuniform excitation of the dielectric in the finite cross
section, and it will be seen that the lowest-order axial modes can be
coupled to the off-axis higher-order modes.

Under these assumptions, the electric and magnetic field on the
inside face of the reflectors constituting the surface S, can be shown to
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be related by
nXE=cuH(l —T)/(14T) (14)

neglecting the extremely small variation in T produced by the variation
of the dielectric constant within the etalon. First we consider the loss
terms in the cavity. For the right-hand side of (13) we may write,
using (14) and (8)

—Ja [ (n X E)-H.dS
- (15)
= —kee'p(l —T)(1 +1)7° Z he.f H,-H,dS
b S,

there being no surface S, over which n X H-E, is nonzero. Substituting
(11) into (15) to eliminate the term in h, yields

—ka [ (0 X E)-HdS = —ke™ (1 = D)(1 + 1)
X Zb k™ [des/at + aer/e + 0 2, (b | be/e | d)ea/dH] (16)
d

f H, -H.dS.
Sa

For the axial modes of the FPE, the appropriate normalized eigen-
funetions are given by

H, = (2/AL)} cos k.2

(17)
E, = (2/AL)! sin k.z

in which A is the cross-sectional area, L the length of the modulator,
and k, = wa/L. The integer a is the number of half wavelengths within
the etalon. Remembering that there are two faces of the etalon com-
posing the surface S, , we note that the integral

[ H, H.dS = 4/L (18)

when b differs from @ by an even number, while the integral has the
value zero when b differs from a by an odd number. The implication is
that the surface loss terms couple only modes of the same longitudinal
symmetry. The integral is zero when H, is one of the off-axis FPE
modes because of the orthogonality. Defining
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Qo = tma(1 + I)*/(1 — T%) (19)

(16) becomes

b [ (n X E)-HudS
Be (20)

= —ke™! ; Q" |den/at + aen/e + @ ; (b | de/e | d)ea/dl]

in which the prime implies that only those values of b which differ from
a by an even number are to be included in the sum. The third term in
the square bracket of (20) is of order de/e compared to first. The second
term is of order ¢/ew, ~ 10~ compared to the first. Since the first term
is as small as any other term in (13) because of the factor Q' ~ 1075,
we can safely neglect the other terms. In the absence of internal losses
the term @, is known as the quality factor of the cavity. It defines the
resolution of the FPE as an interferometer and defines the bandwidth
by the relation Af = f./Q. which differs from the bandwidth defined in
(3) by the factor 4T/(1 + I')* = 1.1

Considering the incident wave amplitude as transformed to the inside
surface of the reflector it can be shown in similar fashion} that

—Ir.uf (n X E)-HudS = — e QB / DL (21)
84

in which e is proportional to the magnetic field of the incident wave on
the surface of the reflector. The factor 3 appears because the incident
fields appear only on one face. Thus (13) becomes

8ea/ I + wo'ts + walad dea/0l
+ wa 2 Q 'des/0t + 3° 2 (a| de/e| b) es/O" (22)
b b

= —}w.Q. de(wt)/dt

in which w, = k.’ is the resonant frequency of mode a and Q.a = w.€/o
is the dielectric quality factor or inverse loss tangent. An alternate
expression can be written Qs = w.f/c" in which ¢ is the distance for
which the energy decays to e

Next, we evaluate the quantities (a | (3¢/€) | b). Since the spatial
variation of d¢/e can take the form of sin maz/L or cos mwz/L in which

m is some integer, which corresponds to the appropriate microwave
7‘[ The factor 4T/ (1 + T')? differs from unity by less than one per cent for T'? >
0

' iThe mirror acts as a transformer with turns ratio (1 + T')i/(1 — I')i.
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field variation, we evaluate two types of coupling terms:

/| sin mmz/L |\
\?| cos mmz/L b/ ‘
b sin wmz/L (25)
= (2/L) fn (sin waz/L cos wmz/ L sin wbz/L) dz
in which we have used (17). Performing the integration yields
{a | (sin #mz/L) | b)
_ l[[l —cos (@ — b + m)7] +[1 —cos (b —a + m)x]
2 (a — b4+ m)r b—a+m)r (24)
+[1 —cos(a—{-b—m)qr]_[l —cos(a+b+m)1r]]
(a+b—m)r (a+b+m)r ’

Terms like (@ + b & m) ™" will be of order 10~ and the last two terms
can be neglected. When a — b &= m = 0 or an even integer the remain-
ing terms vanish. When ¢ — b &= m is an odd integer the terms are
finite, yielding
mmz

(a]sinTIb)= -

2m/m
(a — b)2 — m®’ (25)

a — b &= m = odd integer

the largest values corresponding to @ = b, m = 1 with a value 27"

Likewise,

{a | cos mma | b) = 1 [_Si" (a+b—m)r  sin(a—b—mr
. ) L :')' (a + b — ?n)‘ﬂ' (a — b —_— '"l)‘ﬂ'

ysin(a—b+mr _sin(a+b+ m)r] (26)
(a —b+ m)x (a+b+ m)r
=31 for |la—0b|=m

The sine and cosine cases are mutually exclusive. Many modes are
coupled by the sine variation since for a given value of a and m there
are multiple values of b satisfying (25). There are only two values of b
satisfying (26) for the cosine variation. Note that for m = 0, corre-
sponding to uniform perturbation of the dielectric, the only coupling is
for @ = b. That is, the modulation ecan occur only within the mode.
This justifies our earlier statement that the modulation rate is re-
stricted to the bandwidth of the FPE mode for uniform exeitation.
The cosine distribution yields the largest coupling terms except for
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the case when @ = b and m = 1. The case m = 1 implies that the sine
variation has a space average part and it is this part which produces
the coupling for @ = b. This is borne out by the fact that for a = b,
m must be odd and the strength of the coupling decreases with increas-
ing m. Notice that even though the modes of interest are standing
waves these results correspond precisely to that predicted by the 8
condition of (4). The factor of } for the cosine distribution arises be-
cause only half the amplitude of the standing wave is effective for a
given traveling-wave component. The factor 27" for the sine variation
can be shown to arise from the fact that although the 8 condition is
not precisely satisfied, the interaction with each traveling-wave com-
ponent is down by 7.

In the next sections, we apply these results to calculate the amplitude
of the modulation sidebands, their bandwidth, and the intensity modu-
lation of the light.

III, AMPLITUDE OF THE MODULATION SIDEBANDS

Assuming that we have used the appropriate cos mmz/L distribution
for that component of the microwave field which varies ¢, since we
want large coupling for a # b, we can write (22) as

o ) i dea 18 se(wnt)
ﬁ €a + Wa Ca + L'-’an:l a + § ‘é‘t_a [eu+m + Ld—m]
9 de(wl) (27)
’ -1 _(’E _ 1 —1 ge wl
T o ; T 2eake Ty

which holds for all values of a.t We note that modes e, and €..n. are
coupled together. Since the @ of the modulator is so extremely high,
it is approximately correct to say that any driving terms at frequencies
outside the pass band of a given mode have negligible effect on that
mode. Later we will see that for very strong modulation (a case of
little practical interest) the high-Q approximation leaves a little to be
desired. Hence, to good approximation, we may write for any of the
modes a,

3 Qe ot == Qu'de/0t

All the neglected terms are at frequencies well outside the passband of
mode a@. With these definitions, the quantity 1/Q.. = 1/Qz + 1/Qua
1 It is also possible to have | @ — b | = 1, m = 2 yielding a coupling term 4/37

which is only slightly less than . We will not consider this case which is consid-
erably more complicated.
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is properly called the loaded € of the resonator. The bandpass in the
absence of mode coupling is defined by Aw = w./Q.. The quantity
2@, is also properly called the external .

We will assume that the carrier frequency corresponds to the reso-
nant frequency of the ath mode, @ = k.’ = w,. There is no loss of
generality in this assumption since the carrier frequency would nor-
mally be fixed. The microwave modulating frequency, on the other
hand, must vary over some frequency range. Ideally the microwave
frequency has the value me'/2L, since under this circumstance the
mixing terms, represented by the fourth term of (27), vary at rates
corresponding to the resonant frequencies of the coupled modes. How-
ever the microwave frequency must be able to vary over some fre-
quency range. We define the microwave angular frequency as

wm = (mwc’ /L) + ©0i6/Qar (28)

and the parameter § measures the excursion from center band frequency.
In view of the fact that we/Qur ™~ Aw,, the half power frequencies are
given approximately by § = 3. The £nth sideband frequencies are
given by

wa = Nwp = wa == e’ /L == Néwa/Qar = waznm £ Nbwa/Qar.  (29)
The pertinent mode amplitudes are defined by
Catnm = Fagnm €Xp 1w, = nwnm)t + complex conjugate
de/e = [de/€] exp twnt + complex conjugate (30)
¢ = F exp tw,d + complex conjugate
which when substituted into (27) yield
—[x*Fasm + xFaem] + 1Es = —3EQ.1/Q. (31)
2n8Eu_nm — X*Bactnmiym + XBa—minym] + tEBonm = 0 (32)
=208 ymn — [X*Eaiminm + XFartenim] + 1Eeqam = 0. (33)

The coefficients are complex quantities and the asterisk denotes com-
plex conjugate. The modulus of the coefficients equals half the peak
value and the argument represents the phase of the related real variable.
The quantity

X = 3Qui[de/€] (34)

is a “modulation index” whose modulus equals the product of Q.. and
one quarter of the peak variation of ée/e. The argument of x equals the
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phase of the microwave field. Note that we have set all the terms
Qagnm equal to Q.. Reference to (19) indicates that the variation in
Q. from one mode to the next is of order @ =2 107" and thus the sub-
seript is superfluous. Likewise, all other terms of order mc'/2Lw, = a’
have been neglected.

It is helpful to observe that (33) is redundant. If we define

Eu+nm = (_l)nEa—nm* (35)

and substitute into (33), we obtain (32).
Defining the normalized field amplitude

go = (1/x*) " Eanm/(3EQar/Qu) (36)

and substituting into (31) and (32) yields
2| xRy + g0 = —1 (37)
(1 — i2n8)gs — gnt + | X [‘gna = 0 (38)

which is a three term recursion relation with nonconstant coefficients.
Placing the question of the microwave bandwidth aside momentarily
we may assume that the microwave frequency is at its appropriate
center band value corresponding to 8 = 0 in (38). Under this condition
solutions for the recursion formula, (38), of the form g, = D", yield
as the defining equation for b, | x ['t* + b — 1 = 0. The general solu-
tion may be written g, = Aby" + Bb_" with

We note three things about g,: (i) it is real, since go is real and all the
coefficients in the recursion formula are real; (ii) it is a function of
| x | and (iii), since for n > 0, (Ee—um/E) — 0 as the modulation in-
dex | x | — 0, so must g. | x |" — 0 as follows from (36).

The solution b_ has the dependence b_" ~ | x | " and therefore does
not have the correct behavior as | x | — 0. Thus, we choose the constant
B = 0. The constant A is evaluated by substituting g. = Ab," into
(37), yielding A = —(1 + 4| x Il)_%, so that we may write

n 1 L T} n T 1 A |9
g = =3 —m VT4 [xP = 1]"/vV1IT+4]x}  (40)
x|

and from (30)
Baon/3E = —(2%)™(Qu/Q)[VT + & [x [ — 1]"

(41
=414+ 4 x|
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The same expression with x — x* applies for K, ,.../3E. We note that
the amplitude of the ecarrier wave, n = 0, is given by

EJ3E = —(Quu/Qu)1 + 4| x [ (42)

and is reduced in amplitude from its value of —@../Q. in the no modu-
lation limit | x | = 0. The value E, = —}F in the no modulation case,
with Q. = Q. corresponding to Qu¢ = <, is eminently reasonable.
Remembering that the surface is a “‘short” the implication is that the
magnetic field of mode a of the resonator exactly cancels out the half
of the total carrier magnetic field £ on the inner reflecting surface
which is associated with the reflected wave of amplitude #/2. The inci-
dent wave also has amplitude E/2, yielding a total field E. Likewise
the magnetic field on the opposite reflecting surface is +%/2. Thus,
the inecident carrier field E/2, which measures the incident energy,
correctly accounts for the energy leaving through the opposite face,
and we have 100 per cent transmission through the etalon and no
reflection. In microwave parlance, the resonator is matched to the
incident wave. This always occurs when the external @ equals twice
the loaded Q. In the presence of internal loss, Q,a < <, the resonator
cannot be matched if the etalon plates have equal reflectivity. In the
presence of the modulation, the carrier mode is loaded by the side-
bands even without internal loss and the FPE is no longer matched
to the carrier; consequently carrier energy is reflected as well as trans-
mitted. This shows up as a reduction in transmitted power as well as
imperfect cancellation of the reflected wave since | E, | < | E/2|.

The relative amplitude of sideband to carrier leaving the opposite
face of the etalon is given by

(E —mn/Eu) = (1’2?()4"[\/ 144 IX I2 - 1]"' ('13)
In the limit of small | x |
(Eacnm/Ea) -0 = (x*/1)" (44)

and the amplitude is down by | x |". The power in the first sideband
is proportional to | x |* which is proportional to the microwave modu-
lating power. For large | x |

(Bacam/Ea)ixi= = (| x |/ix)" = exp — in(x/2 + Arg x) (45)

so that the modulation approaches 100 per cent. As we may note from
(41), the absolute amplitude of all of the modes decreases with in-
creasing | x| as (1 + 4|x )™ Thus we might expect maximum
sideband energy for some finite value of x. Maximizing E,_,,/E shows



