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This paper presents theoretical analysis and experimental verification
of the performance of a digital data modem which uses combined amplitude
and phase modulation (AM—-PM). The theoretical model assumes operation
over the bandlimited additive Gaussian channel. The receiver used in the
experiment, and for which theoretical results are presented, uses an envelope
detector in parallel with a phase detector to recover the data. The crileria
of error rate and communication efficiency (measured in bits per cycle of
bandwidth) as functions of average signal-to-noise ratio (S/N) are used
to make comparisons with other modulation schemes. The theory predicts a
performance from 1 to 4 dB poorer than what can be realized from single
sideband (SSB) modulation. We present experimental resulls which
indicate excellent agreement with the theory.

I. INTRODUCTION

Theoretical investigations of the performance of combined ampli-
tude and phase modulation systems have been reported on by C. R.
Cahn® (1960), J. C. Hancock and R. W. Lucky® (1960), Lucky and
Hancock® (1962), and more recently by M. Leiter and M. P. Talbot*
(1967) . These investigators found that, on the additive white Gaussian
channel, combined AM and PM yields a better error rate at fixed
signal-to-noise ratio than PM or AM alone when the number of total
levels is = 8.

Here we rigorously establish these claims for a practical system.
Instead of using linear matched filter detection (Ref. 2), we use dif-
ferential or coherent phase detection to estimate the phase and a con-
ventional envelope detector to estimate the amplitude. While theoreti-
cally optimum signal locations in two-dimensional space are generally
not quantized but subject only to fixed power limitation, we consider
practical signal sets which are quantized.
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The questions we answer in this paper are the following: Given an
N-level system and the facility to use L amplitudes and M phases such
that N = LM, what is the value of L, and consequently M, such that
the error rate is smallest for a fixed amount of S/N when signaling
over the bandlimited additive Gaussian channel? How does this com-
bined modulation scheme compare with only PM or AM at fixed S/N?
How efficient is this modulation scheme in terms of attainable bits per
cyele of bandwidth at fixed error rate? And finally how close can these
theoretical results be realized in the laboratory with actual hardware?

II. THE MATHEMATICAL MODEL

We represent the transmitted signal by the time series

S(t) = 2. (V + Ab,) cos [wt + 8,]g(t — nT) 1)

where b, = =(2k — 1),k = 1,2, --- , L/2, for all n are the amplitude
symbols and {#,} is a set of M equally spaced phases. The signal g(¢)
is a bandlimited ideal pulse such that g(nT) = 1, when n = 0 and
g(nT) = 0 for all other n. For the calculations that follow we take
g(t) = sin [(xt)/T]/[(=t)/T] without loss of generality. The positive
constants V, A, and wg are so far arbitrary. The total amount of in-
formation carried by S(t) is 1/T (logz L + logs M) = 1/T (logs N)
b/s, N = ML. We regard the amplitude symbols {b,} and the phase
symbols {6,} as independent random variables. By introducing a uni-
formly distributed phase in the argument of the cos (+) function in
equation (1) and also randomizing the epoch of g (t) renders the signal
S(t) stationary. A straightforward calculation® reveals that the total
average power in S(t) is

V: oA — 1) @

2
P = () = (5 + A
where (-) denotes the ensemble average.

For the added noise we use the standard representation

W(t) = x(t) cos wet + y(f) sin wyt
where z(¢t) and y(t) are stationary zero mean independent baseband
Gaussian processes possessing identical variance o®.

The data receiver processes the sum signal S(¢) + W(¢) to obtain
estimates of {b,} and {f,}. Reception is accomplished in two parallel

1"‘ Detailed calculations of power in data signals may be found in Ref. 5, pp.
51-56.
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detectors. These detectors will be denoted respectively by E—the en-
velope detector and ¢—the phase detector.

The E detector operates by first computing the envelope of S(t) +
W (t) and then synchronously sampling the result at every T seconds.
The ¢ detector computes the phase of signal plus noise (see Ref. 5 for
a detailed discussion of phase modulation and demodulation) which is
then synchronously sampled to derive estimates of {f,}. In all these
operations we assume that correct timing information is available at

the receiver.
We begin by analyzing the E detector first. The envelope of the sum
signal is

EXt) = [ (V + Ab,) cos 8,g(t — nT) + x(t)]*

+ [ 2 (V + Ab,) sin 6,9(t — nT) + y(OT (3)
and a sample taken at ¢ = 0 gives

E* = [(V 4+ Ab,) cos 8, + z}* + {(V + Ab,) sin 6, + y}* (4)

where we have used some obvious notational shorthands. In order that
a genuine envelope exist we must have ¥V + Ab, > 0 for all values of
b, . This results in the condition

V> (L— DA (5)

since max by, = (L — 1)A. Our task in the next section will be to eval-
uate the error rate in the E detector from estimates of the probability
distribution of E*.

The ¢ detector computes either the phase differential of S(t) + W (%)
or the actual phase. As long as S(¢) has a nonvanishing envelope these
measurements are unambiguous,

III. ERROR RATE ANALYSIS

The error rate of the E detector is determined from the conditional
tail probabilities of E? [equation (4) ]

F. = P[E 2o |z, 7l
and

Fﬂ = P,[E2

%

8|z, gl
where

T = (VV + Ab,) cos 8,
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and

g = (V + Ab,) sin 6, .

It is difficult to analyze the exact representation of these probabilities
and therefore we resort to exponentially tight upper bounds.
The lower tail probability is upper bounded by

Fo= [ ule - B)aP@E) = [ Ve ap@)
0

0

=" Mz(—2), A=0 (6) -

where u(-) is the unit step function, P is the probability distribution
of B, and Mz (\) = (&%) is the moment generating function of E°.
In a like manner an upper bound to the upper tail probability is

Fg = B_ﬂ“ﬂ’[.ﬁﬂ (). )

Since E* [equation (4)] is the sum of squares of two independent
Gaussian random variables with means #, 7 and identical variance ¢
the moment generating function is readily calculated (see Ref. 5, p. 270).
The result is

1 e
Mg\ = 1= ang® &P {7\ 1—_%5} 8)
where

247 = (V4 Ab)* = o’

Using equation (8) in equations (6) and (7) gives

1
< i
F, = 1+ P epr+(>‘);
1
Fp= oz E-(N) ©
where
2
, _ a
E.(\) =’ — ) T ot
and

2

— — 2 4___& —y
E(N = =M+ N5

The upper bounds just derived hold for only positive A. As is usual
in these calculations there exists an optimum A for each of these bounds
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which makes them exponentially tightest. To find these A’s we set the
derivative of E, and E_ to zero to obtain:

d —a* 4 4°

(_iiEJ'()\):O—) 1 + X+ () =0

yielding the two roots

X = ‘)12 (—l + E).
20 23

For a positive root to exist it is necessary that a* > «* (a physically
reasonable condition) and the optimum A is therefore

2, _1fa
“’*—5(;—1)'

When this value of A is substituted into (9) we get the final result

F, <% exp {~% (a — a)z}- (10)

Similarly when d/dx E_(A) is set to zero we obtain two roots for A
namely Xe®> = 1/2 (1 = a/B). Here the physically reasonable condi-
tion is that a/f < 1 giving rise to two positive roots. When both of
these roots are substituted into F_ (A} it is found that Ae®* = 1/2 (1 —
a/B) yields the smallest value. Using this root in equation (9) results
in the final answer for an upper bound on the upper tail probability.

Fs = Sexp {—ﬁa B — a)z}- (11)

We now have all the ingredients to perform error rate calculations.
Symbol detection is obtained by comparing the received envelope
to fixed thresholds. The received envelope in the absence of noise is
V4 Aby =V = A2k — 1),k =10,1,2, --- , L/2 and the thresholds
are set to ¥V = 24k. We see from equations (10) and (11) that the ex-
ponents of both upper and lower tail probabilities depend on the dif-
ference between the received amplitude value and the threshold. The
maximum of the difference is simply A. Consequently when only

adjacent errors are considered, the error rate is upper bounded by

Pg = Cexp {—%5} (12)

where the constant C is of minor importance, More general techniques®
for studying the behavior of tail probabilities of arbitrary Gaussian
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quadratic forms show that equation (12) is also an asymptotic
formula, approaching the actual error rate as o — 0. We therefore
use exp(— A?/2¢%) as a good estimate for the error rate in subsequent

calculations.
The probability of error for phase detectors is well known (see Ref.
5). The explicit formula for differential phase detection is

D2
P, = exp{ 297 2 sin® :ZM} (13)

while for coherent phase detection

P, = ex {—Qfsin2 l} (14)
g b 2¢" M
holds where D is the minimum value of the envelope in the absence of
noise.

D=V — AL - 1). (15)

It is reasonable to require that the error rates in the E and ¢ detec-
tors be exponentially identical. This requirement leads to the condition

2V — AL + A)*sin® ,);4,, differential detection (D. D.)

A = (16)
(V — AL + A)*sin’ ﬁ ) coherent detection (C. D.).
Solving for V explicitly gives

Af.(L, M), D.D.

V = (17
Af.(L, M), C.D.
where
1 1 , D.D
fd(L,M)—L—1+\f2
Glnm
and
f(L, M) = L—1+ 1— C.D.
sin — T ‘

These formulas indicate how the power is to be partitioned between
the signal that carries phase information and the signal that carries
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the amplitude information and consequently determine the threshold
levels in the E detector.

Using equation (17) in equation (2) we obtain a formula for the
total average transmitted power as a function of the number of ampli-
tude levels L and the number of phases M

A . L’ —1
Py =% [f.-(L, M)+ ] (18)

where f; is either f; or f. depending on the type of phase detector em-
ployed.

1IV. THEORETICAL COMPARISONS

We now wish to compare the probability of error exponents of the
mixed modulation system with that of pure phase and pure amplitude
modulation at fixed signal-to-noise ratio. For the mixed modulation
system we first express A*/2 as a function of the power using equation
(18) and then substitute into equation (12). Neglecting the constant
coefficient we obtain

Py 1 '
Pp, ~ exp {-— - m} (19)

where

gL, M) = F(L, ) + L

When only phase modulation is used with total number of levels N =
ML, the error rates become

P_q . 2 o
exp {— —3 2sin 9—}, D.D.
P, ~ o ML (20)
Ps .o 7
exp {-— Jzsin ML} , C.D.

When only amplitude modulation® is used, V = 0 and {6, = 0} in
equation (1), the error rate for LM = N levels is®

P 3
D~ — =5 A O ‘
P, exp{ o (Wi — 1} (21)
We have thus far ignored the front-end filter which precedes the de-
tectors. Since the data spectrum is flat across the band, no distortion

* We assume that coherent demodulation is used.
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will result if the transfer function of the front-end filter is also flat.
We therefore use the characteristic

1 1

HU)=J1: fﬂ—ﬁélfiéfn'i'ﬁ (22)

0, elsewhere

where wg = 2=, .
Assuming that the added noise has a flat double-sided spectral den-
sity Ny, the variance ¢* is

2_2Nu
T T

and the common factor in all the error-rate expressions becomes

(23)

Py TPs;  energy/bit
2
a

A= T 2N, watts/cycle

The factors multiplying A in equations (19), (20), and (21) are all
equal to or less than unity and therefore may be regarded as a degrada-
tion over binary systems. (These factors reduce to unity for binary
systems.)

Comparisons between these systems can conveniently be made by
noting the relative sizes of these coefficients as functions of L and M
such that N = LM. Toward this end the following definitions are
made.

Dgyi = 10 log,, gi(L, N), i=c¢ or d
D, = —10 log,, (2 sin® 5“—)
D,. = —10 log,, (sin %)
2 —
D, = 10 log,, (N—g—l-) (24)

A natural question which now arises is the following: for fixed N is
there an L which minimizes Dggi (L, N)? The answer is yes and the
comparisons we present are based on this optimum choice of L — the
number of amplitude levels.

QOur first results are summarized in Table I for typical values of N.
For instance, in a 4-level system all phase modulation yields better
performance than a combined system since Dy is less than Dgy by 1.7
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TaBLE [—TABULATION OF PERTINENT PARAMETERS

Optimum | Optimum
I M
(For combined systems | Dpggs Dy D, D, Dy,
N only) indB | indB | in JB in dB in dB
4 2 2 7.0 7.0 5.3 7.0 3.0
8 2 4 9.6 8.3 11.2 13.2 8.3
16 2 8 13.5 11.5 17.3 19.3 14.2
32 4 8 16.9 15.6 23.2 25.3 20.2
64 4 16 20.4 18.5 29.2 31.3 26.2
128 8 16 23.5 22.2 35.2 37.4 32.2

dB. There is no advantage here in splitting the levels. On the other
hand for an 8-level system, 2 amplitudes and 4 phases appears pre-
ferable than just 8 phases or 8 amplitudes and the advantages gained
are 1.6 dB when 8 phases are used and 3.6 dB when 8 amplitudes are
used. It is always advantageous to mix the levels when N = 8. The
advantage becomes more pronounced as N becomes large.

We now turn attention to the communication efficiency of the various
modulation schemes considered. The figure of merit used is the attain-
able number of bits per cycle for a given signal-to-noise ratio and
fixed error rate. The rate R in bits per cycle attained by these systems
is

_log. N _p :
R = TB = BlogzN (25)

where p is the symbol signaling rate and B is the required bandwidth.
Tor ideal double-sideband systems such as PM and AM-PM, p/B is
equal to unity while for baseband and single sideband systems, p/B is
equal to two. We therefore have

(R)pss = log. N bits/eycle

(R)sss = 2 log, N bits/cyele.

Since we are comparing systems operating over unequal bandwidths,
it is appropriate to give an alternative interpretation of the constant

(26)

Py Py
AT 0N, T 2N
It is tempting to call A the signal-to-noise ratio. However the quantity
2Nyp is not necessarily the noise power in the physical bandwidth. The

harmful noise power can only be determined once a relationship be-

(27)
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tween the signaling rate and the physical bandwidth is given. For
double sideband systems A is in faet the actual signal-to-noise ratio,
since p = B. However for baseband and SSB, A = $(8/N). We dwell
on this point because often the parameter A is used to make compari-
sons and it is very easy to overlook the 3-dB factor when what is often
of interest is the actual 8/N. For example, we see from Table I that
4-level AM is 1.7 dB worse than 4-level PM. We must bear in mind
however that the AM system for which the figures are given in the
table are double sideband AM. If, however, the comparison is sought
for baseband AM or SSB-AM then 3 dB more must be added to the
7 dB.

We see from equations (20) or (21) that in order to maintain a fixed
error rate in PM and AM the signal-to-noise ratio must vary as the
square of the number of levels when the latter is large. When S/N is
expressed in dB it then is directly proportional to the logarithm of the
number of levels and hence to the efficiency expressed in bits per cycle.
Plots of efficiency vs S/N in dB for AM and PM will therefore appear
linear with identical slopes. (The intercepts may be different.) A simi-
lar argument applies to SSB modulation but the resulting slope is twice
as large compared with PM and AM. This is evident from the fact that
in SSB twice as many bits per cycle can be attained as in PM or
double sideband AM with the same number of levels.

We shall now show that the efficiency of combined AM and PM as a
function of S/N expressed in dB is also linear and follows the same
slope as the efficiency of SSB. In order to prove this claim we must
demonstrate that in combined AM and PM S/N wvaries linearly with
the number of levels to maintain a fix error rate. This variation can be
deduced by considering the asymptotic behavior of gi(L, N) [equation
(19)]. Disregarding all multiplicative factors of L and N and dropping
the additive constants we see that

g, M ~ (L +3) 4

~ L*+ N + N°L™. (28)
The optimum L is proportional to /N sinece
agi(L, N) _ N ‘
5T L 7 0 (29)

implies that
¢:(N) ~ N. (30)
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The various relationships using similar calculations as above are
briefly summarized below

SSB or AM Baseband

(S/N)ap ~ 20 log,q N = log, N

20
l , 10
and since

(R) bits/cycle = 2 log, N

we have that

R ~ 210 (5/N),,
Combined AM and PM
(S/N)us ~ 10 logio N = —2— log, N
dB Zio 4 log, 10 L83

and since
(R) bits/cycle = log, N
we have that

logn 10

R~ (8/N)ap -
PM and Double Sideband AM

(S/N)an ~ 20 log,, N =

‘Iog;o 10 1082 ¥
and since

(R) bits/cycle = log, N
we have that

1ogq 10

R ~ (S/N)an -

To complete the picture we find from Shannon’s capacity formula
that

(R)ru'pnri ty ™ 10g2 (S/N)
= 5(5/N)an

31)
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and since 1 is very close to 15 log, 10 we see that SSB and combined
AM and PM follow the capacity slope.

It now remains to uncover how far these curves are from one another.
The results appear in Fig. 1. A most interesting picture is revealed;
combined AM and PM is indeed only 3-4 dB worse than SSB when
differential phase detection is used. When coherent phase detection is
employed only 1-2 dB is given up.

V. SYSTEM IMPLEMENTATION

We now discuss the implementation of a combined AM-PM modem
which was used to evaluate the performance of the various signal
formats analyzed in the previous sections. For convenience a basic
signaling rate of 1200 symbols per second was used operating over an
ideal linear channel in the frequency range of 600-3000 Hz. The sig-
naling elements were designed to have raised cosine shapes with 100-
percent excess bandwidth.® In order to optimize performance in the
presence of additive Gaussian noise, signal shaping was divided be-
tween transmitter and receiver.

The transmitter was designed to have the capability of generating
the signal vectors shown in Fig. 2. For noncoherent (differential)
demodulation of PM, the generated signal phases were spaced at odd

SINGLE
6| SIDEBAND 54
OR BASEBAND

__ PM-DIFFERENTIAL
DETECTION

COMBINED AM-
——— PM DIFFERENTIAL
DETECTION

\CDMBIN ED AM-
PM COHERENT
DETECTION

R-EFFICIENCY IN BITS PER CYCLE

ERROR RATE=10"%

1 1 1 I !
10 15 20 25 30 35 40 a5
S/N IN DECIBELS

Fig. 1—Theoretical efficiency vs S/N for various modulation systems.
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4¢p 4¢ ol
[o]] 00
00
o° 1" o°
1" 10
10
8¢ o
010 ool
"o 000 .
" 100
101
(a) (b)

Fig. 2—Thail-to-head phase shifts: (a) noncoherent (differential) demodulation
of PM; (b) coherent demodulation of PM.

multiples of 45 degrees and 22-1/2 degrees for 4¢ and 8¢, respectively.
For coherent PM demodulation, the spacing was multiples of 90 de-
grees and 45 degrees, respectively.

Generation of the amplitude levels was accomplished in a balanced
amplitude modulator according to the formulas given in equation (17)
and repeated on Fig. 3.

The receiver is shown in block diagram form in Fig, 4, The receiving
filter eliminates out-of-band noise and provides signal shaping. Ampli-
tude and phase demodulation was accomplished in separate parallel
paths.

The phase detector was designed to operate in either a coherent mode
or in a differentially coherent mode. For differential demodulation the
signal from the receiving filter was multiplied with delayed and phase-
shifted versions of itself. Low-pass filtering of these produets produced
in-phase (I) and quadrature (QQ) baseband eye patterns. Analog arith-
metic performed on I and Q at the sampling instants vielded the re-
covered data which was fed out in serial form. For coherent demodula-
tion, everything was done in the same manner except that a coherent
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V+3A—— 11
V+A 10
L LEVELS VvV -A o1
V-3A oo
0 voLTs dc
(M= NUMBER OF
PHASES)
PM DEMODULATION
DIFFERENTIAL COHERENT
v=Af4(LM) v=AT:(L,M)
fd(L,M]=L-| fe LMY= L1+ ——

|SIN | |SINKA—I

Fig. 3—Definition of amplitude levels.

local carrier signal was used to multiply the phase-shifted delay line
outputs.

Amplitude demodulation was performed by extracting the envelope
of the signal from the receiving filter. The coded information contained
in the envelope (E) was obtained by slicing the envelope and folded
envelope. The AM data was then fed out in serial form.

E LIMITER
LOW PASS 1 FULL WAVE
FILTER ’ RECTIFIER PARALLEL
TO AM DATA
} SERIAL *
FULL WAVE CONVERTER
RECTIFIER
LIMITER
PHASE AND
AMPLITUDE | RECEIVER DELAY o° LOW PASS [
MODULATED | FILTERING LINE 90° FILTER
LINE SIGNAL
COHERENT LOW PASS
]
COHERENT b 4 FILTER
CARRIER .
'\:\
LIMITER DIFFERENTIAL
BIT 1
I ———— PARALLEL ot DATA
BIT 2 To
ESEmm—
ARITHMETIC SERIAL
Q— BIT3 CONVERTER

Fig. 4—Receiver block diagram.
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Figures 5 thru 8 show baseband eye patterns of some of the signal
formats generated for the experiments. Also shown are polar plots,
generated by attaching the I and Q signals to the horizontal and verti-
cal inputs of an oscilloscope. Z-axis intensification at the sampling
instant produced the points in signal space.® Note that the coherent
polar plots are rotated 45 degrees from this position in Fig. 2b. This 45-
degree rotation eliminates a zero-voltage level which would otherwise
appear in the eye patterns.

VI. EXPERIMENTAL RESULTS

The configuration shown in Fig. 9 was used to evaluate the error
performance of various signal formats in the presence of additive band-
limited Gaussian noise. The various signal formats generated in the
experiments are summarized below:

Differential (D)

4¢ Coherent (C)

8¢ D, C
2L, 4¢ D, C
oL, S¢ D, C
4L, S¢ D, C

Since timing jitter and phase off-set are not included in the theory,
timing phase and coherent carrier phase were adjusted manually at
the receiver.

The experimental results are shown in Fig. 10. These results were
used to generate the efficiency curve of Fig. 11. The theoretical results
are again repeated (properly scaled) on this curve.

Correspondence between predicted and measured performance is
seen to be quite good. For example, the predicted difference in per-
formance between 8¢ differential and (4¢, 2L) differential is 1.6 dB.
The measured difference is found to be 1.5 dB.

Another indicator of how closely the implementation and the the-
oretical model mateh can be seen from Fig. 10. The measured per-
formance of 4¢ differential departs from theory by only 0.8 dB.
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Fig. 5—Four-phase eye patterns: (a) Q coherent; (b) I coherent; (¢) Q dif-
ferential; (d) I differential; (e) polar plots, 1. to r., differential, coherent (f
polar plots intensified at aample time.
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(a)

(b)

(c)

(d)

Fig. 6—Four-phase, two-level eye patterns: (a) I differential; (b) Q differ-
ential; (¢) AM envelope; (d) polar plots, 1. to r., differential, coherent; (e) polar
plots intensified at sample time.
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(a)

(b)

(c)

(d)

(e)

Fig. 8—FEight-phase, four-level eye patterns: (a) I differential; (b) Q differ-
ential; (¢) AM envelope; (d) folded envelope; (e) polar plots.
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GE:g:sron BM;?L:QSS ATTENUATOR
BANDWIDTH
* =2400 Hz
PM_DATA
AM DATA TRANSMITTER \_EJ

*HEWLETT - PACKARD 3722A

Fig. 9—Experimental configuration.

PM DATA
RECEIVER AM DATA
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b

ERROR RATE

1 | |
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19 20 21

S/N IN DECIBELS

(NOISE POWER MEASURED IN NYQUIST BANDWIDTH)

Fig. 10—Performance curves.
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30
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X EXPERIMENTAL
o THEORETICAL

R-EFFICIENCY IN BITS PER CYCLE

NOISE BANDWIDTH =1200 HZ
ERROR RATE=10"%

0 1 | 1 | 1 L 1
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S/N IN DECIBELS

Fig. 11—Performance comparisons for noise impairment.
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