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In binary pulse transmission by carrier amplitude or frequency modula-
tion it s ordinarily desirable, both for efficient bandwidth utilization and for
improved performance under adverse notse conditions, to use bandpass chan-
nels of the minimum practicable bandwidih, as determined by considerations
of intersymbol interference and filter design. It is shown that intersymbol
interference can be avoided in binary pulse transmission by FM without the
need for a wider channel band than in double-sideband AM, for equal pulse
transmission rates. Explicit general expressions are derived for the appropri-
ate shaping of the bandpass channel and for the shapes of received pulses, for
cases in which rectangular binary pulses are transmitted by FM, without
premodulation or posidetection pulse shaping by low-pass filters. Illustra-
live comparisons are made of binary pulse transmission by AM and FM
for two special cases of general interest in communication theory and pulse-
system design. The more general case of partial pulse shaping by premodula-
tion and postdetection low-pass fillers is also considered.

The performance of FM and AM systems in the presence of noise de-
pends on the division of channel shaping between transmitting and receiving
filters. The optimum division with FM and AM is determined for random
noise, and comparisons are made of signal-to-noise ratios for optimized F M
and AM systems. It is shown that there is a single universal relation between
error probability and signal-to-noise ratio, applying to an infinite universe
of optimized baseband systems and optimized AM systems with ideal syn-
chronous detection, and that this relation is the same as for baseband trans-
misston over an idealized flat channel of minimum bandwidth. The analysis
tndicates that, with binary FM and appropriate postdetection low-pass fil-
ters, it is possible in principle to realize an improvement in signal-to-noise
ratio over bipolar double-sideband AM with synchronous detection (phase
reversal), for equal channel bandwidths, average signal power and pulse
transmission rates, although this may not be feasible with practicable filters.
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I. INTRODUCTION

Transmission of digital or analog information by binary rather than
by multilevel pulses offers significant advantages in systems design.
For one thing, it simplifies the implementation of regenerative repeaters
and various kinds of terminal equipment, such as carrier modulators and
demodulators, and devices for timing-wave provision, coding and stor-
ing of messages and automatic error-checking or correction. For another
thing, binary pulse transmission imposes less severe requirements on the
transmission medium with respect to signal-to-noise ratio, amplitude and
phase deviations over the channel band, and tolerable transmission-
level variations. Because of these advantages, binary rather than multi-
level pulse transmission is ordinarily the more practical and economical
method, even in existing channel facilities designed primarily for voice
or other analog transmission, where consideration of the rather high
signal-to-noise ratio alone would permit a much greater number of pulse
amplitudes and, thus, a substantially greater channel capacity than
could be economically realized.

The three principal methods of binary pulse transmission by carrier
modulation now in use are double- and vestigial-sideband AM, in the
form of “on-off” keying with envelope detection, and I'M in the form
of “frequency-shift” keying. With synchronous or homodyne detection
in AM, other methods are feasible that afford a bandwidth saving or
improved signal-to-noise ratio or, like FM, have the advantage over “on-
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off” AM that they facilitate rapid automatic compensation of trans-
mission-level variations, Among these binary methods are bipolar double-
sideband AM, also referred to as phase reversal or two-phase modulation,
and bipolar vestigial-sideband AM. Another method is bipolar double-
sideband AM on each of two carriers at quadrature, also referred to as
quadrature double-sideband AM or four-phase modulation.

For optimum performance in binary pulse transmission by AM or FM
it is essential that the transmission-frequency characteristics of the chan-
nels be appropriately shaped with respect to amplitude and phase, so
that intersymbol interference is avoided or at least reduced to a practi-
cable minimum. A second requirement for optimum performance in the
presence of noise is an appropriate division of channel shaping between
transmitting and receiving filters. In addition, there are various other
requirements not pertaining to the channel, such as exact timing in the
transmission and reception of pulses and ideal AM and FM modulators
and demodulators.

The purpose of this presentation is a determination of these optimum
channel characteristics and the optimum signal-to-noise ratios for vari-
ous error probubilities in binary pulse transmission by AM and I'M, with
particular emphasis on FM.

The analysis of both analog and digital pulse transmission for FM is
more complex than it is for AM, since FM is a nonlinear modulation
method. For this reason, the sideband spectrum of a given signal is wider
than it is in double-sideband AM, and a wider bandpass channel is re-
quired for analog signal transmission without distortion.

In analog transmission it is possible to realize improved performance
in the presence of noise in exchange for the inereased bandwidth. In binary
pulse transmission, however, it is ordinarily desirable, both for optimum
performance under adverse noise conditions and for efficient bandwidth
utilization, to use the minimum channel bandwidth practicable from the
standpoint of intersymbol interference and filter design.

While a wider bandpass channel than in AM is required for distortion-
less analog transmission, this does not preclude the possibility that, un-
der appropriate conditions, pulses can be transmitted by FM with no in-
tersymbol interference, without the need for a greater channel band
than is required in double-sideband AM. This depends on the possibility
of controlling pulse distortion resulting from bandwidth limitation so
that zero points in the received pulses occur at uniform intervals from
the peak pulse amplitude. When pulses are transmitted by AM, this
can be accomplished by appropriate shaping of the transmission-fre-
quency characteristic of the channel, as shown elsewhere.!* The analysis
is extended herein to ideal binary pulse transmission by FM.
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A basic criterion for performance in digital transmission through noise
is the error probability as related to the signal-to-noise ratio, which has
been dealt with elsewhere for baseband transmission,® “on-off” double-
sideband AM with envelope detection,*:® bipolar AM or carrier phase
modulation with synchronous detection®® and frequency modulation.®-?
In the above analyses random noise is assumed and the signal-to-noise
ratio is stated in terms of signal power during a steady ‘“mark” or
“gpace,” which, in bandlimited channels, is usually not equal to average
signal power, even in binary phase or frequency modulation systems.
Moreover, ideal flat baseband or bandpass channels of the minimum
bandwidth required to avoid intersymbol interference are assumed or
implied in AM, although they are not practicable in actual systems. In
the case of FM, no consideration is given to bandwidth requirements
and channel shaping for optimum performance.

As an aid in systems design, specific consideration is given in Sections
II through XI of this presentation to appropriate bandwidths and chan-
nel shaping for AM and FM systems. The remainder of the analysis is
concerned with signal-to-noise ratios as related to channel shaping and
to appropriate filter shaping for optimum performance in the presence
of random noise.

II. FREQUENCY AND AMPLITUDE MODULATION BY BINARY PULSES

The original signal ordinarily would consist of rectangular baseband
pulses of duration 7, with a negative polarity to indicate “space” and a
positive polarity to indicate “mark,” or conversely. These rectangular
pulses may be applied directly to the frequency modulator, or they may
be applied to a premodulation low-pass filter for preshaping.

The modulator output is applied to a bandpass channel with a certain
transmission-frequency characteristic, which, in the ideal case, would be
symmetrical about the midband frequency and have a linear phase char-
acteristic. The envelope of the received pulses at the channel output and
the frequency modulation of the carrier within the envelope depend on
the shape of the modulating pulses and on the transmission-frequency
characteristic of the bandpass channel. With an ideal detector at the re-
ceiving end, the demodulated signal is proportional to the time deriva-
tive of the phase of the carrier within the envelope, i.e., to the “instan-
taneous frequency deviation.”

Detection of the phase derivative is facilitated by conventional fre-
quency discriminators or zero-crossing detectors when the channel band-
width is narrow in relation to the carrier frequency, but this is not a basic
theoretical requirement if appropriate detectors are postulated. Nor,
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with appropriate ideal balanced FM detectors as assumed herein, is a
limiter necessary for elimination of amplitude modulation effects, al-
though it is highly desirable with unbalanced detectors and for preven-
tion of undesirable effects of sudden level changes.

At the detector output, a postdetection low-pass filter may be used for
final pulse shaping, but it is not essential for this purpose. Such a
filter may be required to eliminate unwanted demodulation products
(carrier ripple), but the bandwidth required for this can be much greater
than that of the bandpass channel, particularly when the channel band-
width is small in relation to the midband frequency. This condition can
always be realized by frequency translation before demodulation, which
may also be required for optimum performance with conventional fre-
quency discriminators or zero-crossing detectors.

A more important funetion of the postdetection filter in conventional
analog signal transmission is elimination of higher frequency noise com-
ponents, in order to realize the inherent FM noise advantage. In binary
pulse transmission with a bandpass channel of no greater bandwidth
than is required to avoid intersymbol interference, as considered here,
the noise advantage that can be derived from the use of a low-pass filter
may be rather limited. To realize a significant noise advantage the filter
must, in this case, have the appropriate shape, depending on its band-
width, to avoid excessive intersymbol interference, as will be shown
later.

In frequency modulation, the signal applied to the input of a band-
pass communication channel is of the general form

Ei(t) = sin [wit + ¢ + ¢i(2)], (1)

where wp is the radian frequeney of the unmodulated carrier, ¢ is the
carrier phase and y(¢) is related to the modulating voltage V.(t) by

o = Vi i (2)

with @ the frequency deviation in radians per second per volt.

In the case of bipolar binary pulse transmission, the original signal,
Vo(1), is ordinarily in the form of rectangular pulses of amplitude Vo and
duration 7', of either positive or negative polarity. In this case, the origi-
nal signal is constant during a signal interval of duration 7" and is
given by

Vo(t) = +Va. (3)

In general, with a premodulation low-pass filter, the carrier modulating
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voltage, V;(t), differs from Vo(t). Without such a filter, as assumed here,
Vi(t) = Vo(t) = £V, and

i
W) = xa [ Vo
0 (4)
= +al,
where the frequency deviation o is

@ = L:)1V0. (5)

The voltage applied to the input of the bandpass channel in this case
is, in accordance with (1),

E(t) = sin [(wo £ @)t + o]. (6)

Equivalent performance could accordingly be obtained if the outputs
of two oscillators of frequency we + @ and wo — @ were gated by the
voltage Vo(t), so that carrier step pulses of duration 7" and one or the
other of the above two frequencies would be applied directly to the band-
pass channel. If the latter method is actually used, the two oscillators
must be interlocked to avoid excessive phase discontinuities and resultant
transmission impairments that would otherwise be likely to oceur in
switching from one oscillator to the other.

With phase modulation, rather than frequency modulation as con-
sidered above, ¥:(¢) in (1) is related to the modulating voltage by

Yi(t) = Vi), (7)

where ¢, is the phase modulation in radians per volt.
In the case of bipolar binary pulse transmission, (1) becomes

E(t) = sin [wi + ¢ £ ¢, V(1))
= sin (wot 4 @) cos [¢1Vi(1)] £ cos (wit + ) sin [Y1Vi(2)],

where the negative sign is used for a space and the positive sign for a
mark, or conversely.

The first component in (8) is independent of the pulse polarity. In
an optimized system this component must be minimized and the second
component, which depends on the pulse polarity, be maximized. The
optimum condition is obtained when ¢, is so chosen that y, V.= n/2,
where 7, is the peak amplitude of V;(¢). In the particular case of rec-
tangular modulating pulses, Vi(t) = V. = Vyand (8) becomes

Ei(t) = =cos (wl + ¢), (9)

which represents a sudden phase reversal from space to mark.

(8)
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In amplitude modulation, the signal applied to the bandpass channel is
Ei(t) = [as + aVi(t)/T ] cos (it + o), (10)

where ay and a; are constants that determine the degree of modulation,
as discussed below for two special cases.

In unipolar or “on-off” binary pulse transmission, a; = ay and, in the
particular case of rectangular modulating pulses,

E:(t) = a(l £ 1) cos (wif + ¢)

Il

=0 for space (11)
= 2ap(cos wif + ¢) for mark.

In bipolar AM, ay = 0 and, for rectangular modulating pulses, (10)
becomes

E(t) = +a, cos (wi + ¢), (12)

which is identical to (9) with a; = 1.

With phase reversal or bipolar AM, the signal can be recovered with
the aid of a produet demodulator, i.e., by homodyne or synchronous de-
tection. To this end, a synchronous demodulating carrier, cos (wit + ¢),
must be derived from or controlled by the signal, which may entail more
complicated instrumentation at the receiving end than is required with
frequency modulation. Unipolar AM permits the use of simple envelope
detection in exchange for a sacrifice in signal-to-noise ratio compared to
the other methods. A further disadvantage of unipolar AM is that it is
more susceptible to errors during sudden level changes than is bipolar
AM or FM.

With any of the above modulation methods the shape of the received
pulses depends on that of the modulating pulses and on the transmission-
frequency characteristic or “‘shaping’ of the bandpass channel. The ap-
propriate shaping for avoiding intersymbol interference is well known'*
for baseband transmission and amplitude and phase modulation systems,
and 1s determined in the following sections for binary FM.

The particular case of rectangular modulating pulses will be considered
in detail, and explicit expressions will be derived for appropriate channel
shaping to avoid intersymbol interference. The more complicated cases
of premodulation and postdetection pulse shaping will be discussed later.

III. TRANSMITTED FREQUENCY-SHIFT WAVE

Let a continuing “space’ be represented by a steady-state transmitted
wave
B(t) = sin [(wo — @)t + ¢] (13)
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and a continuing “mark” by
E, (1) = sin [(wo + w)t + ¢, (14)

where £ is the time from the beginning of a signal element of duration T'
and is related to the time with respect to the midpoint of a signal ele-
ment by

t =t + T/2. (15)
With (15) in (13) and (14):
ES () = sin [(wo — @) (b + T/2) + ¢l

= sin [(wo — @)t + o — &T'/2], (o)
E,’ (1) = sin [(w + @)t + @0 + @T/2], (17)
where
oo = ¢ + wT/2. (18)
It will be assumed that
oT = m, (19)

in which case the frequency difference between mark and space in cycles
per second is 2&/2x = 1/T, or equal to the bit-rate. This assumption
need not be made at this point, but it turns out later to be a condition
for avoiding intersymbol interference and simplifies the analysis. With
the above assumption,

E (t) = —cos [(wo — @)l + ), (20)
. () = +cos [(wo + @) + ¢l (21)

Assume that a single mark of duration T is preceded and followed by a
continuing space. The resultant transmitted wave can be regarded as
made up of two components. One is a steady-state component given by
the following expression applying for —w < # < =

Esﬂ(fo) = —C08 [(wg - (;J)fn + qou]. (22)

The other is a transient E,,,, = —E,” + E,’° given by the following ex-
pression applying for —7/2 < &, < T/2:

E.’(to) = cos [(wo — @)o + @u] + cos [(wo + &)t + @

= cos (wilo + ¢0)2 cos wly .

(23)



IDEAL BINARY PULSE TRANSMISSION BY AM AND FM 1365
The spectrum of E.,,° is given by

T2
ngo = 2 f ; COos (wufg + 500) COS (:Jtu G_lmu dtn
—-T/2

Ti2
= ¢ f \, 008 uty cos aty diy (24)
-T2

T/2

'l" eﬁ'-"”' f ; ({0 1] (20!0 + u)tg cos wiy dfu ’
—T/2

where u = w — w is the frequency from midband.

When the bandwidth of the channel is small in relation to the midband
frequency, the spectrum need only be considered for u << wy . The second
integral in (24) can then be disregarded in comparison with the first, and
the amplitude of the spectrum becomes independent of ¢, i.e., inde-
pendent of the phase of the carrier with respect to the modulating pulse.
On this assumption, the amplitude of the spectrum of the carrier en-
velope at the frequeney w from the midband frequency wo is given by
the first integral in (24), and becomes

0 o _T|sin (o —u)T/2 | sin (@ + w)T/2
Son'() = 8°(u) = 2[ Grwlez T G+ wle ] (25)

With @7 = = in accordance with (19), (25) becomes
T 4 cos (7mu/2a)

For u = =, the value of (26) is*
S (4a) = g (27)

IV. FREQUENCY-SHIFT PULSE TRANSMISSION CHARACTERISTIC

Let the phase characteristic of the channel be assumed to be linear,
and let A (u) be the amplitude characteristic of the channel as a function
of the frequency ¥ = @ — w. At the channel output, the spectrum of
the received wave resulting from E,,’(f) given by (23) is then

S(u) = A(u)S°(u). (28)

If the amplitude characteristic is symmetrieal, i.e., if A(—u) = A (u),
the spectrum is also symmetrical; i.e.,

S(—u) = S(u). (29)

* This result is obtained by determining the value of the limit 0/0 as u — a.
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When the above conditions are satisfied, the shape of a received pulse
in response to E,,.’(f) is given by’

Esm(t(]) = CO0s [‘-‘-‘Otl} + ‘Pﬂ]Eam(tD)x (30)

where E,,. is the envelope of the received pulse. The shape of the en-
velope is the same as that of a demodulated pulse in AM, when the pulse
spectrum is S(u), and is given by’

p(ty) = Eult) = %f S(u) cos uty du, (31)

—wyp

where the lower limit can, for practical purposes, be replaced by — =,
since S(u) =~ 0 for u = —wy when @ << wy. The received wave in re-
sponse to the steady-state component F.’(f) given by (22) is

Ea(tn) = —A(—EJ) cos [(w(} —_ !:J)tu + {pg]

32
—A( —(:J)[(‘,OS (wutu + (po) COS (.:Jtu + Sil’l (OJﬂto + ga(]) sin (.:Jtu], ( )

where A(—&) = A(@) is the amplitude of the transmission-frequency
characteristic A (u) at 4 = Fa, i.e., at the frequencies wy F a.

The resultant received wave when a mark of duration 7' is preceded
and followed by a continuing space is

Ea(t[!) + Eam(tﬂ) (33)
—cos (wils + @o)[A{—&) cos ety — p(t)]
—A(—&) sin (wofo + o) sin @l .

E(t)

Il

(34)

This can be written in the form
E(ty) = E(t) cos (wolo + @0 + o), (35)
where the envelope is given by

E(ts) = A(—a){[cos ats — up]* + sin® it}

36)
= A(—a) {1l + u*p* — 2up cos aty}"* (
and the phase modulation ¢, is given by
tan Yo(ts) = ﬂ (37)

" cos alo — up’
where p = p(t) and
p=1/A(—a) = 1/A(a). (38)
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With an ideal detector, the received signal is proportional to ¥’ =
dyo/dt, which becomes
p 1 — ppcos aly + (up'/®) sin Gty

i,!'/n = w y (39)

sin®aly + [cos ofe — upl®

where p' = dp(h)/dty.

Relation (39) gives the frequency deviation from the midband fre-
quency wo, in which case a continuing space is represented by a fre-
quency deviation —& and a continuing mark by &. If the frequency
wp — @ is instead used as reference, the frequency deviation at the re-
ceiving end is

V') = &+ ' (l). (40)

The ratio /() /2@ represents the pulse transmission characteristic of
the channel in response to a sudden frequency shift 2& of duration T,
from wo — @ to wy + @, and is given by

o - Py e -
Pl = ff#p — cos aty — (_p /&) .Sllluwin. (41)
2 sin? &y + (cos @ty — up)?
From (39) or (41) the conditions for binary pulse transmission with-
out intersymbol interference can be established, as is diseussed in the
next section.

V. IDEAL FREQUENCY-SHIFT TRANSMISSION CHARACTERISTICS

In order to transmit binary pulse trains without intersymbol inter-
ference, it is necessary that the transmission characteristic P(#4) for a
single mark or pulse as considered in the preceding section be zero at
sampling instants &, = £=mT, m = 1, 2, 3, ete., and that, at &, = 0,
P =1.

In view of (19), cos (£maT) = (—1)" and sin (+maT) = 0. Hence
at sampling points (41) becomes, for m # 0,

1 up(mT)

POnT) =5 ooty + (=) (42)
and
_ 1 up(0)
P(0) = QW . (43)

Thus P(mT) = 0 provided
p(mT) =0, (44)
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5y(u)

S;_z -w)= _Sg(w)

|
|
|
|
|
1
1
|

Fig. 1 — Properties of spectra at detector input such that, in double-sideband
amplitude modulation, p(0) = 1, p(mT) = 0, T=xw/d,m=1,2,3, ---.

and P(0) = 1 provided
up(0) = 2. (45)

The above conditions (44) and (45) can be satisfied provided that
S(u), in addition to being symmetrical as required by (31), has the
further property illustrated in Fig. 1. This property is the same as that
required for double-sideband transmission of pulses at intervals 7" with-
out intersymbol interference,” and ean be satisfied by an infinite variety
of spectra. Among these it is convenient from the standpoint of theoreti-
eal evaluation of p(f) to assume spectra of the form shown in Fig. 2
given by the following expressions.

Intherange 0 < u < & — w;:

S(u) = S(—u) = (46)

bo| =3
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Fig. 2 — Special case of spectra with properties indicated in Fig. 1.

In the range © + w, > u > @ — w::

S(u) = S(—u) = % cos’ (E wﬁf). (47)
2 4 Wz
At u = @, (47) becomes
S(@) = S(-a) = . (48)

The required amplitude characteristic of the channel obtained from
(28) is

S(w)

Alu) = Oh

(49)
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In view of (27) and (48), A(—&) = 1, so that (38) gives
g =2 (50)
When the spectrum is given by (46) and (47), evaluation of (31)
gives®
= T sin wty cos wsly
sm = — - P 1
Ein(to) wlo 1 — (2wile/m)? (51)

where T/ = 1, in view of (19), so that

plt) =

sin wly cos w4l
aly 1 — (2wgle/7)?

=1 for th=20
=0 for to = mT, m=1,2,3,---

Hence, gp(0) = 2 and p(mT) = 0 so that conditions (44) and (45)
are satisfied, and single binary pulses can be transmitted without inter-
symbol interference. This is also the case for pulse trains, as is shown
in Section XI.

To find the shape of the received pulses, it is necessary to employ (41)
for other values of t, than &, = 0 and mT, as is illustrated in the next
sections for two limiting cases of general interest.

p(tu) =
(52)

VI. SPECIAL CASE OF FLAT SPECTRUM AT DETECTOR INPUT

The amplitude characteristic A(u) of the ehannel and the frequency-
shift pulse transmission characteristic P(#,) will be determined here for a
channel of minimum bandwidth, in which case the spectrum S(u) will
be flat for 0 < v < @, and will be zero for © > «.

With sharp cutoffs at w = 4+, w, will be zero in (46) and (47), so that

S(u) = S(—u) :12" 0<u

IA

@ (53)

=0 U > @ (54)
The required amplitude characteristic of the channel, as obtained
from (49), is
T 1 — (u/ d:)z
4 cos (ru/2a)

[

Alu)

for wu=0 (55)

for U = +a

|
S = Iy

for %] > @.
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In the case of double-sideband AM, the spectrum of a pulse of dura-
tion T with respect to the midband frequenecy is

s'(u) =

T sin (ul'/2)
ul/2

2

(56)

where, as before, it has been assumed that the channel bandwidth is
small in relation to the midband frequency.

To obtain a flat spectrum of amplitude 7'/2 at the detector input, the
required amplitude characteristic of the channel is

it/ 20

2

a(u) = ul /2
=1 for

= g for

sin (uT/2) ~ sin (7u/23)

w =20 (57)

U=

The amplitude characteristics A(%) and a(w) are shown in Fig. 3.

1.6

0.8

0.6~

RELATIVE AMPLITUDE

0.4

h\
~SPECTRUM

Wo—-W
SPACE

Wy wo+ @
MARK

RADIAN FREQUENCY

Fig. 3 — Ideal transmission-frequency characteristics of bandpass channels in
AM and FM for rectangular modulating pulses and flat spectrum of minimum

bandwidth at detector input.
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For purposes of direct comparison, the value of A(u) as obtained from
(55) has been normalized to 4 () = 1 for v = 0, by multiplication by
4/7.

With a channel characteristic as given by (55), p(%), as obtained from
(62) with w, = 0, is

in &t
plto) = =222, (58)
pe =2 (cos oty — 28 "’t”). (59)
wip wlp

With (58) and (59) in (41), the frequency-shift pulse transmission
characteristie of the channel becomes

<in 3 Sl%twtﬂ — 2 cos @l
Plt) = - at - sin ci’arn T ' (60)
° 144 _“"’( _wo—cos&to)
wly wly

The funection P(%) is given in Table I and shown in I'ig. 4.

The term sin @fy/aty in (60) represents the pulse-transmission charac-
teristic for double-sideband transmission over a channel with an ampli-
tude characteristic a(u). In Fig. 4 the double-sideband AM and the
frequency-shift transmission characteristics are compared. It will be
noted that they differ appreciably in shape, but have the common prop-
erties of unit amplitude at &, = 0 and zero amplitude at intervals such
that oty = mm, m = 1,2,3, -+ .

VII. SPECIAL CASE OF RAISED COSINE SPECTRUM AT DETECTOR INPUT

In actual communication systems, channels with sharp cutoffs as as-
sumed in the previous example are impracticable for various reasons,
such as excessive phase distortion near the band edges and relatively

TABLE I — FREQUENCY-SHIFT TRANSMISSION CHARACTERISTIC P(l)) FOR
F'uar SpEcTRUM oF MINIMUM BANDWIDTH

wlof/w 0 0.20 0.40 0.60 0,80 1.0
0 1.0 0.7860 0.5468 0.4182 0.2746 0

1 0 —0.3026 0.0072 0.1629 0.1454 0

2 0 —0.1540 —0.0330 0.0940 0.0985 0

3 0 —0.1023 —0.0339 0.0646 0.0743 0
4 0 —0.0766 —0.0303 0.0488 0.0597 0

5 0 —0.0611 —0.0267 0.0391 0.0499 0
10 0 —0.0304 —0.0160 0.0194 0.0274 0
19 0 —0.0160 —0.0091 0.0101 0.0151 0
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RELATIVE AMPLITUDE
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@to/n'

Fig. 4 — Shapes of demodulated pulses in FM and AM for rectangular modu-
[util_gg pulses and for flat spectrum of minimum bandwidth at detector input, as
in Fig. 3.

large oscillations in the received pulses that entail precise synchronized
sampling at fixed intervals to avoid intersymbol interference. A prefer-
able type of channel characteristic is one that results in a “raised cosine”
spectrum of the received wave in response to the transmission of a single
rectangular pulse of duration T, as considered below. With this type of
channel characteristic, the bandwidth is twice the minimum possible con-
sidered in the previous limiting case.
With w, = @ in (47),
S(u) = S(—u) = %cos2 (ru/4@) u = 20 (61)
=0 w > 2a.

The required amplitude characteristic of the channel as obtained from
(49) is

w1 —cos (mu/2a) e
Aw) = 4 2 cos (wu/2) L (u/a)]
T
=1 for w =20 (62)
=1 for u=a (o = 2)
=0 for u = 2a.
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The amplitude characteristic required for double-sideband transmission
without intersymbol interference is, in this case, given by

cos’ (mu/4a)mu/2a
sin (7u/20)

_ Tu/de
tan (ru/40)

=1 for w=20

a(u) =

(63)

for v =a

\Y

=0 for u = 2a.

The amplitude characteristics A (w) and a(w) are shown in Fig. 5.
For convenient direct comparison, the value of A (u) obtained from (62)
has been normalized to A(u) = 1 at w = 0.

With w, = @ in (52),

sin 2aty )
pl) = 5o = (2at/m)” (64)

where the relation cos @f sin @fy = 1 sin 2&t) has been used.

1.2 T

1.0

o
®

RELATIVE AMPLITUDE
o o
b >

0.2

wy—2& Wy —w @, wy+ @ wo+2@
SPACE RADIAN FREQUENCY

Fig. 5 — Ideal transmission-frequency characteristics of bandpass channels in
FM and AM for rectangular modulating pulses and raised cosine spectrum at de-
tector input.
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TaBLE Il — FrREQUENCY-SHIFT TRANsMISSION CHARACTERISTIC P(fo)
ror Raisep CosiNgE SpeEcTruM AT DETEcTOR INPUT

wh/T 0.2 0.4 0.5 0.6 0.8
0 1.0 0.8053 0.5769 0.4887 0.4030 0.2035
1 0 —0.0175 0.0301 0.0265 0.0109 —0.0108
2 0 0.0035 —0.0048 —0.0053 —0.0027 0.0025
3 0 —0.0012 0.0016 0.0019 0.0011 —0.0009
4 0 0.0005 —0.0007 —0.0009 —0.0005 0.0004

Differentiation of (64) yields

11' o cos 2oty 5 sin 2atl1 — 3(2ate/7)7 (65)
@ 20l — (2at/m) T (2at)M1 — (2ate/w)
Tor ofy = #/2, p'/& = —3/(2m).

With (64) and (65) in (41) the frequency-shift transmission charac-
teristic P(f) given in Table IT and shown in ¥ig. 6 is obtained, for a
channel with an amplitude characteristic A (%) as shown in Fig. 5.

For comparison with P(f), Fig. 6 also shows the pulse-transmission
characteristic p(t) obtained from (64) for double-sideband transmission
over a channel with the amplitude characteristic a(u) shown in Fig. 5.
In both cases, the oscillations in the received pulses are quite small, and
for this reason the transmission-frequency characteristics shown in Fig. 5
are preferable to those in Fig. 3 in practicable AM and FM systems.

O TR 0.04
v/ \oham FM "\ w
08— l-fM AN - —| 002 2
i N / \ g
w ——
S 0.6 | P(to) ‘\p(t“’) ."\ o~ 0 :té
£ o | a— Q RN s
a I [ \ A 2
E | AL —|r002%
To4f— 3 —f—t— : N 023
et \ : ;
= N\
[ . N
< 02 —r #— N\ -0.04
w
T ! \\\ ‘ [
| | ~ — —t——
0 I ==
. |
%2 o0 o0z 04 06 08 10 1z 14 16 1B 20 22
ot /T

Fig. 6 — Shapes of demodulated pulses in FM and AM for rectangular modu-
lating pulses and raised cosine spectrum at detector input, as in Fig. 5.
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VIII. PREMODULATION PULSE SHAPING

In the preceding analysis the modulating pulses were assumed to be
rectangular in shape and of duration T, in which case the modulator
input in response to a change from space to mark was given by (23)
and the corresponding spectrum by (24). In the more general case of
premodulation pulse shaping, these equations are replaced by

B, (t) = 2 cos (wits + @) eos ¢ (), (66)

]

S(u) = 2[ cos ¢ (&) cos uty diy , (67)
o

where, as before, the second component in (24) has been neglected, and

the phase modulation ¢, is related to the modulating voltage V(&) by

(2), or

ilh) = o j‘; : Vilty) dio. (68)

The above relations apply provided a continuing space is represented by
a constant frequency deviation —& and a continuing mark by . To
this end, it is necessary that the individual modulating pulses V;(t)
overlap and be of such form that

> Vilty + aT) = V.0). (69)
For example, the latter relation is satisfied when impulses are applied to
a flat low-pass filter of bandwidth @ and linear phase, resulting in a
modulating voltage V.:({) = V:(0) (sin af)/oty. The simpler case of
overlaps between adjacent pulse intervals only is illustrated in IMig. 7.

_~MODULATING PULSE
¥ |

Fig. 7 — Modulating pulses with overlap between adjacent pulse intervals.
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The amplitude characteristic of the channel required for a spectrum
S{u) at the detector input is, as before, given by

S(u)
Se(u)’

To avoid intersymbol interference, it is necessary to satisfy (45);
i.e., up(0) = 2. To this end, it is necessary, in accordance with the dis-
cussion in Section V, that S(=+&) = T/4 and that A(&) = 3. Hence, a
requirement imposed on S°(w) as given by (67) is that

T
3

There is an infinity of pulse shapes, V:(l), that satisfy (69), and the
corresponding y.(#) can be determined formally from (68) and, in turn,
S°(u) ean be determined from (67). The principal problem is to deter-
mine pulse shapes, other than the rectangular shape considered pre-
viously, which also have a spectrum that satisfies (71). The solution of
this problem will not be attempted here, but two pulse shapes of general
interest in pulse transmission theory will be considered.

A familiar example of modulating pulses that overlap into an infinite
number of pulse intervals is represented by the idealized pulse shape
obtained by applying impulses to an ideal flat low-pass filter with linear
phase characteristic. It will be assumed that the filter bandwidth is ,
in which case the modulating voltage is

Alu) = (70)

§(a) = (71)

Vi) = Vi(0) 52 “‘t" (72)

With (72) in (68), and with &, V;(0) = &
Yilla) = Si (ato) (73)

where Si is the sine integral function.

In Tig. 8 the phase modulation, ¥, , obtained from (73) is compared
with that for rectangular modulating pulses, for which ¢; = ofy for
C:Jto é 1r/2 ﬂlld V'J; = 7i"/2 fDI‘ 5)!0 > 1I'/2

With (73) in (67) and &ty = 7, &T = m, a = u/e:

S(u) = —T) % | cos Si () cos ar dr. (74)

Tor = > 17 the following approximation applies:
T COST

Si(r) =5 — - (75)
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The peak amplitudes, $(0), required to produce an error when an
impulse oceurs midways hetween sampling points is greater than when
they oceur at a sampling point by a factor of 2% in FM and a factor of
2 in AM. With a Gaussian amplitude distribution of the pulses, the
probability of an error from a pulse midway between two sampling
points is in the order of 1 per cent of the probability of an error from a
pulse at a sampling point in the case of FM, and is substantially smaller
for AM. Hence, virtually all the errors will be caused by pulses that
oceur near sampling points. The AM advantage over M for equal error
probability is 3 db for impulses that oceur at sampling points, and would
be expected to be only slightly greater, about 4 db when impulses oc-
curring at all instances with respect to a sampling point are considered.

The above comparisons apply without a postdetection low-pass filter
in M. With an optimum bandpass receiving filter characteristic in T'M,
the reduction in peak impulse noise afforded by low-pass filter would be
expected to be about the same as the reduction in average random noise.

APPENDIX C

Optimum Receiving Filter Characteristic

The optimum receiving filter characteristic in AM and in I'M with-
out a postdetection low-pass filter can be determined from the solution
of the more general case considered here, of FM with a postdetection
filter.

In the latter case, the optimum R(u) is obtained when the product
of the two integrals in (125) is a minimum, or for the minimum value
of the produet:

J = JiJa, (256)
where J; and J; are functions of &(u) given by
5= [ PR+ /6) du, (257)
s (u) S (u)
7= e 2[ e (258)

In (257), L(—u) 5 L(u), so that it is convenient to resolve the
integrand into one component with even symmetry with respect to u
and one with odd symmetry. The integral of the latter component van-
ishes and that of the component with even symmetry becomes

= f: H (w)R*(u) du, (259)
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raised cosine pulse, which overlaps into adjacent pulse intervals, and
is considered in the next section. With the latter type of pulse it turns
out that S’(@) = 0.994 T'/2. It can thus be conjectured that there is
some intermediate shape of overlapping modulating pulses for which (71)
is satisfied. For practical purposes, this is the ease with modulating
pulses given by (64) or for the raised cosine pulses considered in the
next section.

IX. RAISED COSINE MODULATING PULSES

Raised cosine modulating pulses have the shape indicated in Fig. 9,
and can be derived conveniently by appropriate gating of a biased
steady-state sine wave, with the total pulse duration, 27", equal to one
cycle of the sine wave, which may have advantages from the standpoint
of instrumentation.

1.2
) |
1.0}~
w
S o8l
2o
-
o
2 06
w
=
[
< 04 /
w /
(4 A RAISED COSINE
~~SPECTRUM AT
0.2~ 7/ DETECTOR INPUT
0 — _
Wo—2W wo-w Wo Wot& Wotad

SPACE  papiaN FREQUENCY — MARK

Fig. 9 — Comparison of transmission-frequency characteristies of bandpass
channel in FM for raised cosine modulating pulses (solid curve) and rectangular
modulating pulses (dashed curve), with raised cosine spectrum at detector input
(dotted curve) in both cases. Pulse shapes are same as those for FM in Fig. 6.
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With a raised cosine modulating voltage,

Vo
Vilt) = 5 (1 4+ cos (wte/T)] —1 < &/T <1 (78)

=0 —1>%/T > 1.

In accordance with (2), the resultant phase modulation is, for oty =

Vo [
ville) = Jz_fo [1 + cos (rto/T)] dio )
= %(&)tn + sin c’:.!fo).

For oty = m, ¢:() = ¢i(T) = =/2.

The spectrum of cos y.(#) is obtained from (67) with the upper limit
equal to T, since cos ¥;(f) = 0 for {, > T. The following relation is
thus obtained:

T
S(u) = 2[ cos L@ty + sin @) cos uty diy . (80)
0

With aty = x, @T = = and u/& = a, (80) becomes

S°(u) = —2 j; cos (x/2 + % sin z) eos ax dx
= I[ cos (mz + 3 sin z) do (81)
T Jo

+ ?f cos (v + } sin z) dz,
m Y0

where
n==3:—a v, =73+ a.
The above relation can be written
S°(u) = T J,,(=%) + J.(—3)], (82)

where J,(z) is a so-called Anger function, which is associated with Bessel
functions and is defined by?

J.(z) = 1 f cos (pz — z sin ) dx, (83)
T Jo
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2 4

J,,(z) — sin pw [1 _ 5 F4 + K

v P — (22— %) (42 — 7))

zﬁ
- EmamemE=s ]

. 3
sin pr z z
+ [12 — 2 (12 — ) (3 — »)

(84)

25
T AE e aE=H )

The spectrum as a funetion of @ obtained from (82) and (84) is given
in Table III, together with that for a rectangular modulating wave, as
obtained from (26).

TasLE 1II — Varues oF (2/7)S°(u) For Raisep CosSINE AND
RecrancuLar MobpurLaTing PULSES

a=ule 0 0.5 ' 1 15 2
Raised cosine. . ... 1.58 1.39 0.994 0.544 0.282
Rectangular....... 1.28 1.20 1.000 0.720 0.425

To obtain a raised cosine spectrum at the detector input, as given by
(61), the required amplitude characteristic of the bandpass channel ob-
tained from (70) is

cos’ (wu/4a)
2T, (—3) + 1. (=]

which gives for various values of ¢ = u/@

a=u/a: 0 0.5 1 1.5

A(=u) = A(u) = (85)

A(u): 063 061 0503 0.275

Sinee A (@) = 0.503, rather than 0.50, the factor p = 2 in (43) is re-
placed by u = 2.012. The peak pulse amplitude at {, = 0 as obtained
from (43) is, in this case,

2
.

2.012

012 — 1~ 0.994.

P(0) =

| =

Thus, intersymbol interference in this case results in a slight reduction
in the peak amplitude of a pulse.
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In Tig. 9 the above channel characteristic is compared with that for
rectangular modulating pulses. In both cases the shape of the demodu-
lated pulses would be as shown in Fig. 6 for M, aside from the slightly
smaller peak amplitude, 0.994 rather than 1.00. It can be shown that,
with raised cosine modulating pulses, the error involved in neglecting the
second integral in (24) is not appreciable, even when the total channel
band width is equal to the midband frequency. Hence, the channel shap-
ing shown in Fig. 9 for raised cosine modulating pulses applies without
restriction on channel bandwidth relative to midband frequency.

X. POSTDETECTION PULSE SPECTRA AND FILTERING

At the detector output a low-pass filter may be desirable for final
pulse shaping, elimination of unwanted demodulation produets or higher-
frequency noise components, as noted in Section II. The appropriate
transmission-frequency characteristic of such filters depends on the spec-
tra of the demodulated pulses, as discussed here.

Let P(f4) be the shape of the pulses at the detector output in FM as
given for rectangular modulating pulses by (41) and illustrated in Figs.
4 and 6 for two special cases. These pulses have a baseband spectrum
given by

Solw) =f P(l)e ™" dty (86)
or, since P(—t) = P(t), by
Sn(w) = 2[ J,D(tn) cos wiy dt[). (87)
0

In accordance with the definition in Section IV, P(4) = ¢'(tk)/2a.
Hence, for o = 0, (87) becomes

Sp(0) = i f_: () db
(88)

1
— L) — p(= ).
=W
In view of (19), the phase change caused by transmission of a mark

preceded and followed by a continuing space, is ¢(=) — ¢(—=») =
2&T = 2. Hence (88) becomes

Se(0) = T. (89)
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In the case of AM, the spectrum of the baseband pulses is equal to
the spectrum at the detector input above the midband frequency multi-
plied by a factor of 2, because of the direct addition of the two sideband
spectra. From Fig. 2 it follows that, in this case, So(0) = T. Relation
(89) thus shows that the de component of the demodulated pulses is
the same in FM as in AM. That is, the areas under the FM and AM
pulses shown in Figs. 4 and 5 are equal.

For equal spectra at the detector input in AM and I'M, the pulse shape
P(t,) has a nonlinear relation (41) to the pulse shape p(#) in AM. For
this reason, the bandwidth of the demodulated pulses will be greater in
FM than in AM, and, in view of the appearance of p(fy) in the denomi-
nator of (41), the bandwidth is theoretically infinite. For this reason,
part of the spectrum will be eliminated by any postdetection low-pass
filter, and intersymbol interference is thereby introduced unless the filter
has an appropriate amplitude characteristic.

With the aid of a postdetection low-pass filter having an amplitude
characteristic Ag(w) and a linear phase characteristic, it is possible to
modify the speetrum Sp into a desired spectrum S, with such proper-
ties that intersymbol interference is absent. To this end, the amplitude
characteristic would be so chosen that

Ap(w)Se(w) = Sp(w). (90)

FFor example, by appropriate choice of Ao¢(w) the pulse shape shown in
Iig. 4 for FM could be modified into that shown for AM, or into other
shapes. The principal difficulty resides in the determination of the spec-
trum So(w) from (87), which entails numerical integration, in view of
the fairly complicated expressions for P(t).

The speetrum obtained by numerical integration of (87) is given in
Table IV for the special case of a flat spectrum of minimum bandwidth
at the detector input, as considered in Section VI. In the numerical inte-
gration, contributions to the integral were neglected for oty = 7 > 20.

The above spectrum is shown in Fig. 10, together with the baseband

TaBLe IV —Si(w)/T rFor Frar SpectRumM AT Decrecror Inpur

W 0 | 0.25 0.5 0.75 0.9
0 1* 0.8779 0.7561 0.6254 0.5385
1 0.4755 0.2932 0.0626 —0.2370 —0.4609
2 —0.1321 0.2871 0.2031 0.4186 —0.0696
3 0.0396 —0.0233 —0.0529 —0.0220 0.0418
4 0.1105 0.0650 0.0270 0.0003 —

* Based on (89); compares with computed value of 0.99999654.
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Fig. 10 — Spectra, Sp(w), of demodulated FM (solid curve) and AM (dashed
curve) pulses shown in Fig. 4 for flat spectrum at detector input.

spectrum of the AM pulses. It will be noted that the spectrum is nega-
tive in certain ranges for > 1.6&. This places a restriction on the choice
of the modified spectrum S,. and on the filter bandwidth, if A¢(w) is to
be positive and finite for all values of w in the filter band. To this end,
it is necessary that the filter bandwidth be less than 1.6c.

In Fig. 11 is shown the amplitude characteristic Ao(w) of the post-
detection low-pass filter obtained from (90) when S,(w) is assumed to
be equal to the AM baseband spectrum. With the amplitude characteris-
tic Ao(w) shown in Fig. 11, the FM pulses shown in Fig. 4 would be con-
verted into pulses of the same shape as shown for AM.

With a raised cosine spectrum at the detector input, as considered in
Section VII, the spectrum of the demodulated pulses obtained by nu-
merical integration of (87) is given in Table V. In the numerical integra-
tion, contributions to the integral for @fy = 7 > 5 were disregarded.

The above spectrum is shown in Fig. 12, together with that of the
AM pulses.

The circumstance that Si(w) is negative in the approximate range
1.96 < w < 2.1@ in this case limits the filter bandwidth to less than 1.9a,
if Ao(w) is to be positive and finite for all values of w in the filter band.



IDEAL BINARY PULSE TRANSMISSION BY AM AND FM

1385

2.2 ‘ |

0 0.2 0.4 0.6

0.8
w /W

1.0

Fig. 11 — Amplitude characteristie, Ao(w), of postdetection low-pass filter re-
guired to convert spectrum Sg(w) into modified spectrum S (w).

TaBLE V — Sy(w)/T ror Raisep CosINE SPECTRUM AT DETECTOR INPUT

/e 0 0.25 0.5 0.75 1.0

0 1* 0.9492 0.8092 0.6147 0.4159

1 0.4159 0.2438 0.1063 0.0208 —0.0069

2 —0.0069 0.0131 0.0582 0.0926 0.0742

3 0.0742 0.0302 0.0093 0.0032 0.0052

4 0.0052 0.0096 0.0121 0.0114 0.0084
* From (89); actual computed value = 0.99999951.
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Fig. 12 — Spectra Sq(w) of demodulated FM (solid curve) and AM (dashed
curve) pulses shown in Fig. 6 for raised cosine spectrum at detector input.

By way of illustration, an appropriate type of modified spectrum of
bandwidth 1.75& is given by the following expressions.
Tor0 < w/a < i:

Swlw) = T. (91)
Tor } < w/o < §:

_ o [ 4w/c:: -1
Snlw) = T cos (1 T) (92)
The above spectrum S, is shown in Fig. 13, together with the spec-
trum So(w) and the amplitude characteristic Ao(w) of the low-pass filter
obtained from (90). The shape of the pulses at the output of the filter
for the above spectrum S,.(w) can be obtained from (52) with w, = {a,
but it does not differ significantly from that shown in Iig. 6 for AM.
With a low-pass filter having a linear phase and an amplitude charac-
teristic 4o(w) as shown in Fig. 13, intersymbol interference is avoided,
and some improvement in signal-to-noise ratio is realized by elimination
of higher-frequency noise components in the detector output, as will be

shown later.

XI. PULSE TRAINS

In the preceding analysis, transmission of a single mark of duration
T was assumed. When a pulse train consisting of a sequence of marks
and spaces is transmitted, (33) is modified into the following expression
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Fig. 13 — Amplitude characteristic, A¢(w), of postdetection low-pass filter re-
quired to convert spectrum So(w) of Fig. 12 into a modified spectrum S, (w).

for the received wave at the detector input:

I’V,'(t[)) = —CO08 (wulu + gag) [11(—‘{;)) cos (:}(tu - mT)
- (93)
— X anp(ts — mT)] — A(—&) sin (wido + ¢o) sin a(ty — mT),

M=—00

where a, = 0 for a space and 1 for a mark, and m is an integer. The
above expression ean be written in the form

Wilte) = Wi(t) (cos wilo + @0 + To), (94)

where the pulse train envelope is given by the following expression in

place of (36):

Wit) = A(—=&)[1l 4+ &* 22 anp'(te — mT) (95)
5

— 2u 2 anp(to — mT) cos &ty — mT)|",

where T indicates summation between the limits m = — @ andm = =,
asin (93). Expression (37) for the phase W, is replaced by

sin &(ty — mT)
cos @(to — mT) — pu 2, anp(te — mT)’

tan ¥y = (96)
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Expression (39) for the time derivative of ¥, is replaced by

¥, = —% [1 — 12 a@up(to — mT) cos @(ty — mT')
(97)

+ gz a,p (ty — mT) sin &(ty — mT)],
where
D = sin’ @(to — mT) + [cos @(ty — mT) — p 2 awp(to — mT)I".  (98)

Expression (41) is replaced by the following expression for the demodu-
lated pulse train:

IV(to) = '2% {p[z a,,,p(tu - mT)T - Z amp(tu - mT) (99)

ceos @(tg — mT) — EZ anp (to — mT) sin &(ty — mT)}.
w

At the sampling points &, = 0, sin @mT = 0 and cos amT = (—1)",
so that (99) becomes

W) = 2 mT) 100
O L S ) — (—D 1o

Since p(mT) = 0 except for m = 0, (100) becomes

_u ap(0)
W) = (101)

where 4 = 2 and p(0) = 1, so that

WO) = 5

=1 for a = 1 (mark) (102)

=0 for a = 0 (space) .

There is thus no intersymbol interference when a pulse train is trans-
mitted.

In (99) the denominator D depends on the composition of the pulse
train. For this reason the shape of the demodulated pulse train between
sampling points cannot be obtained by direct superposition of individual
demodulated pulses, such as those shown in Fig. 4 and Fig. 6.
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XII. AVERAGE SIGNAL POWER

The preceding analysis was concerned with the ideal shaping of the
over-all transmission-frequency characteristic of the bandpass channel
required to avoid intersymbol interference in FM and AM systems.
This over-all shaping will ordinarily be divided between bandpass filters
at the transmitting and of the receiving ends. While the division between
the two ends is immaterial from the standpoint of intersymbol inter-
ference, it does affect signal power at the transmitting end and inter-
ference of various kinds at the receiving end. In order to determine the
optimum proportioning and shaping between transmitting and receiving
ends, it is thus necessary to consider both signal power and interference.

In analog systems for voice transmission and other purposes, the peak
signal power is ordinarily substantially greater than the average signal
power, by 10 db or more, and is usually a limitation in systems design.
In binary pulse systems with representative transmission-frequency
characteristics,* however, peak signal power is not much greater than
average signal power, and the latter is ordinarily a limitation, either
from the standpoint of repeater design or interference with other sys-
tems. For this reason, average signal power will be considered here in
comparing FM and AM binary pulse systems.

Let the amplitude characteristic of the transmitting filter be T'(w)
and that of the receiving filter be B(w), in which case T(u)R(u) = A(w),
where A {u) is the over-all amplitude characteristic and « the frequency
from midband.

Let the peak amplitude of the earrier for a continuous mark or space
at the output of the transmitting filter be F, in which case the signal
power for a continuous mark is

2
P, = g— (103)
2

In Appendix A it is shown that the average signal power for random

pulse trains with FM and with bipolar AM are given by

Pin = R( )f [g((”))} (104)
2 2 “ S(u) =
PAM = PmﬁR(O) j;m [E:(’M):I du, (100)

where T is the pulse interval or duration, and S(u) is the spectrum at

* This excludes idealized flat channels of minimum bandwidth.
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the channel output, or detector input, in response to the transmission of
a single pulse, i.e., in response to the transmission of a mark preceded
and followed by a continuing space.

By way of illustration, in the case of a raised cosine spectrum as given

by (61)

2% 4 -
Pow = P LRG) [ 05 (m/da) 4, (106)
T 2z R (w)
_ T _, f”’ cos' (wu/4a)
PAI\{ - Pm % R (0) . —I%E(T du. (107)

If the receiving filter has a half-cosine shape as given by
R(u) = cos rmu/4a for —20 < u < 2w
=0 for |u| > 20

(108)

expressions (106) and (107) become, with R(&) = 3'* and R(0) = 1,

T2 \ )
m 5= cos” wu/4w) du
2 J2z (109)

= P,.

PFM=PA.M=P

In this particular case the average signal power of a random pulse train
in both FM and bipolar AM is equal to the signal power for a continu-

ous mark or space.
Consider next a flat receiving filter, in which case

R(u) =1 for =20 < u < 2a

(110)
=90 for |u| > 2.
In this case (106) and (107) yield
T, )
Py = P — cos wu/4a du
T J2g (111)
= % Pm:
P_Al\J:%PFM:i‘Pm. (112)

Finally, let the receiving filter have a raised cosine shape as given by

R(u) = cos’(ru/4a) for —2& < u < 2o

(113)
=0 for |u]| > 2a.
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In this case R(@) = % and

I)FM =P m 2 ) du
4r J 2z (114)
= Pm)
PAM = 2PFM = 2Pm (115)

The above relations show that, for equal signal power in FM and bi-
polar AM during transmission of a continuing mark (or space), there
may be appreciable difference in average signal power for a random
pulse train, depending on the shape of the transmitting filter. For this
reason, signal power during a continuing mark, which is often used in
specifying signal-to-noise ratio, may not be an appropriate reference
signal power.

To determine the optimum division of channel shaping between trans-
mitting and receiving ends, it is necessary to consider the effect of ran-
dom noise or other interference, such as impulse noise. The effect of any
particular type of interference depends on the shape of the receiving filter,
as discussed in the following sections for random noise. Impulse noise is
discussed briefly in Appendix B.

XIII. RANDOM NOISE IN FM AND AM SYSTEMS

Certain basic equations relating to noise and interference on FM and
AM are given in Appendix B and applied to the particular case of single-
frequency interference. In the case of a sinusoidal interfering voltage at
a frequency u from midband and of amplitude e(u) at the input of the
receiving filter, rms interference in FM and bipolar AM taken in rela-
tion to the peak-to-peak signal amplitude at the detector output is given
by

L % (1 + u/a), (116)
e(u)R(u) (117)

TS SER(0)

where é(u) = e(u)/2", R(u) is the amplitude characteristic of the re-
ceiving filter and E is the peak amplitude of the carrier for a continuing
mark or space. The above relation for fey is a first-order approximation
applying if &(u) is small in relation to E, as is required for transmission
without excessive error rates.

The equations give the rms amplitude of the interfering voltage at the
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detector output, taken in relation to the peak-to-peak difference in pulse
amplitudes for mark and space, considering all possible phases of the
interfering voltage equally probable. The slicing or threshold level is
ordinarily half this difference, and rms interference voltage taken in
relation to the slicing level would be twice as great.

Random noise can be regarded as the sum of a very large number of
sinusoidal waves of different frequencies, with both the amplitude and
phase of each component wave varying with time. For a single sinusoidal
wave at a frequency u from midband and peak amplitude e, the rms
amplitude is & = ¢/2"*. When the sinusoidal wave varies in amplitude
with time there will be a certain rms amplitude e over a long interval,
and a corresponding average noise power e’ for each sinusoidal compo-
nent. The corresponding average noise power per unit of bandwidth at
the receiving filter input will be designated n(u). In the case of white
thermal noise as assumed in the following, n(u) = = is independent
of u.

The ratio of noise power to signal power at the output of the detector
can be obtained from (116) and (117) for single-frequency waves, by
integration of the noise power density over the channel band. Thus, in
the case of I'M, the ratio of average output noise power Ny to the output
peak-to-peak signal power Sy between mark and space, as obtained by
integration of (116), becomes

(No/So)ems = 5 [ R0+ wera ws)

8P, R2

2
- =S f Ru) (1 + /&) du, (119)
where the last expression follows sinee R(—u) = R(u), so that the in-

tegral of R*2u/& vanishes.
In case of bipolar AM, the corresponding ratio obtained by integration

of (117) is

(No/So) am = fm R*(u) du. (120)

n
8P,.R2(0) J-
Relations (119) and (120) can be expressed in terms of average signal
power in FM and AM with the aid of relations (104) and (105). The
following expressions are thus obtained:

[ @+ al

e o)

(NO/SO)FM = 4 TP (121)
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. _ * 8 w)
(No/So)amt = i TPAN[ [f_m R* (W) du:!l: R0 du:l. (122)

The above expressions for FM apply without a postdetection low-
pass filter. As discussed in Section X, it is possible to modify the pulse
shape in FM without eausing intersymbol interference, with the aid of a
low-pass filter of appropriate amplitude characteristic Ao(w) that de-
pends on the bandwidth. Such a filter reduces the noise power in a nar-
row band at w by the factor 45°(w). On a carrier basis, this is equivalent
to multiplying the noise power in a narrow band at a frequency u from

)
JLOW-PASS FILTER
CHARACTERISTIC

/
]
]
I
|
/
I
!

Fig. 14 — Frequency modulation with postdetection low-pass filter having
transmission characteristic 4,(w). Noise power in the narrow band at frequency
# from midband is reduced by the factor L2(u) = A& + u) during transmission

of space with carrier at wo — o, as assumed above.

midband by A (& 4 u) during transmission of a space, as indicated in
Fig. 14, or by 4¢*(—& + ) during transmission of a mark. This equiva-
lent representation on a carrier basis is legitimate, provided the carrier
power at the detector input is substantially greater than the noise power,
in which case the ratio N,/S, obtained from (121) is much smaller than

one.
The following notation indicated in Iig. 14 will be used:

Llu) = Ao(w + u). (123)
With such a filter, (118) is modified into

(1V0/80)FM = m f L l& R (’lt)(l —I—u/w) dlt (124)
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and (121) is modified into

(NI)/SD)FM = 2n [fi Lg(u)Rz(l + u/‘;’)E du:|

47T Py LJ-
w0 2
[Loa)
where L, R and S are functions of u.
Comparison of (125) with (121) shows that, for a given R(u), a post-
detection low-pass filter reduces the ratio (No/So)rm by the factor

(125)

fw LR*(1 + u/a)’ du
p=—= ) (126)
f RY1 4+ 4*/&") du

where L and R are functions of u.

XIV. OPTIMUM AM SYSTEMS

The minimum value of (Ny/S,) for a given average power P = P,y
is obtained when the product of the two integrals in (122) is a minimum.
As shown in Appendix C, this is the case when R(u) is such that the two
integrals are equal, in which case the optimum E(u) is given by

R(u) = eS"*(w), (127)

where ¢ is an arbitrary constant independent of » that can be chosen to
give R(u) the appropriate dimension.
With (127) in (122), the optimum ratio No/ 8o becomes

oo 2
(No/S)° = E%’ [fm S(uw) du:l ) (128)

When S(u) has the properties previously discussed and illustrated in
Fig. 1 and Tig. 2, the integral in (128) is always equal to the area under
the rectangle in the upper part of these figures, or 207/2 = oT = .
Furthermore, with (127) in (105), it follows that P, = Pax = P.
Hence, for all spectra S(u) of the form previously assumed, (128) be-
comes

N@T N _ N

(No/8o)" = TP = 1P = m, (129)
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where
N = no = average noise power in a flat band @ at input of receiv-
ing filter,
P = average signal power at receiving filter input,

P,. = signal power for continuous mark (or space),

Ny = average noise power at detector output,

Sy = peak-to-peak signal power at detector output.

In (129) N is the average noise power in a flat band equal to that of
the minimum possible bandwidth @ over which pulses can be transmitted
at intervals T = =/& without intersymbol interference, i.e., the noise
power in a band 1/27 cps. With the above definition of N and for the
above pulse transmission rate, (129) applies for all spectra at the detector
input with the properties illustrated in Figs. 1 and 2. There is thus no
noise penalty, but only a bandwidth penalty, in modifying the spectrum
that was indicated in Tig. 2 and discussed previously to obtain pulses
whose shape is more appropriate shape than that of systems with the
minimum possible bandwidth. Moreover, (129) also applies for optimum
bipolar baseband systems with base band spectra equal to those shown
on the right-hand side of «wp in Figs. 1 and 2. Thus there is no noise pen-
alty in bipolar double sideband AM, but the bandwidth of the earrier
channel is twice that of the baseband channel.

This two-fold increase in bandwidth for a given transmission rate can
be overcome by providing two independent channels on two carriers at
quadrature, a method sometimes referred to as four-phase transmission.
With 3-db reduction in noise power, because of the two-fold reduction in
bandwidth, and with 3 db less signal power per channel, so that the
average signal power P is the same as for a single channel in bipolar AM,
(129) applies with N defined as above An alternate means of avoiding
the two-fold increase in bandwidth is to use bipolar vestigial sideband
AM"* with homodyne detection, in which case (129) also applies. The
last two methods are thus equivalent to bipolar baseband transmission,
both as regards bandwidth and signal-to-noise ratio.

At the detector output the pulses may be bipolar or may be biased
into unipolar (on-off) pulses, and (129), in terms of the peak-to-peak
signal power S, at sampling instants, applies regardless of any bias.

In the particular case of a raised cosine spectrum as given by (71),
the over-all amplitude characteristic of the channel is given by (63) or

. mu/de
alu) = fon (r/33)
The optimum receiving filter characteristic as obtained from (127) is

R’(u) = cos (ru/da). (131)

(130)
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The corresponding optimum transmitting filter characteristic is 7°

a(u)/R’, or

These characteristies are shown in Fig. 15.

T°(w)

i /4d
sin (ru/40)

1

T 172

Z o~
1 =~ 1.12

™

2

for w=20
for u=a
for u = 2a.

(132)

In the case of vestigial-sideband AM, the carrier would be at wy + @
or w; — & rather than at o . Pulses can then be transmitted at twice the
double-sideband rate, provided homodyne detection is used so that the
effect of the quadrature component is eliminated.” The optimum shape
of the receiving filter is again given by (131), but the shape of the asso-
ciated optimum transmitting filter is modified, since the spectrum at the

1.6

ToW)
L2
i
u |
a ;
E o /” == o °
3 o : ‘\\A(u):R (u) TH)
o 7 [ ~
b= ’ ~
< o8} / | N
w ’/ A Y
> / } AN
g 4 \
J 0.6 / ' \
w / { \
o« / \
! /R°) ‘ \
| \
04| | \
| \
I’ \
- \
021 l X
/ H \}
[/ u 3\
SPACE clr—— MARK
0 — _
Wy -2 wo — Wy Wot+w Wo+2w

Fig. 15 — Double-sideband AM with raised cosine spectrum at detector input:

o = gptimum shape of receiving filter; T'v =

A =ReTo =

optimum shape of transmitting filter;
combined transmission characteristic.
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channel input is now caused by a rectangular carrier pulse of frequency
wy &= @ rather than wy. The optimum transmitting filter characteristic
is given by

m(u £ @)/4e
sin [r(u &+ @)/4w]
The positive signs apply when the carrier is at wg — @ and the negative
signs apply when it is at wo + @; the expression applies for —2a0 £ u =
20,

If the carrier is assumed at wy + @,

T°(u) = cos (ru/4d) (133)

oo _ o ow(u — &)/
T(u) = cos (wu/4a) S0 [n(a = 3)/43]
=0 for v £ —2a
= 22”2 for u= —o
(134)
= Toli2 for « =0
Lo -
= §2 for w=a
=10 for u = 2a.

In actual systems, it may be expedient from the standpoint of design
to employ transmitting and receiving filter characteristics that differ
from the optimum charaecteristics shown in Fig. 15. This results in some
penalty in signal-to-noise ratio, as shown below.

By way of illustration, it will be assumed that the transmitting filter
has the shape shown in Iig. 5 for the channel transmission-frequency
characteristie, in which ease the receiving filter could be flat and given
by

Ruw) =1 for —2&6 =2 u £ 20

(135)
=0 for =20 > u > 2a.
In this case, (122) for AM becomes
0 om 25 @ e
N(]/Sg = m [jiga du] [[_25 I [0 )] (7!'1&/40}) d’o‘.L:I
3N

=3ip (136)
= 92 i (137)

4pP,,’
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where N, P and P,, are defined as in (129) and the last relation follows
from (112) for the above case; i.e., P = §P .

Comparison of (136) with (129) shows that, for equal average signal
power P, the ratio No/ S, is greater here than for optimum division of
filter shaping by a factor of 4 (or 1.8 db), while comparison of (137)
with (129) shows that, for equal continuous mark power P, , it is
greater by a factor of 2 (or 3 db). This illustrates that the penalty in-
curred in departing from the optimum division of channel shaping be-
tween transmitting and receiving filters can be significant,

XV. OPTIMUM FM SYSTEMS

The minimum ratio Ny/Sy is obtained when the product of the two
integrals in (121) is a minimum. As shown in Appendix C, this is the
case when R(u) is such that the two integrals are equal, resulting in the
following expression for the optimum R(w) without a postdetection low-
pass filter:

R'(w) = eS8 (u) (1 + /&)™, (138)
where ¢ is an arbitrary constant. The corresponding optimum N,/ Sy ob-
tained with (138) in (125) is

. 9 ) _ 2

(No/S) = s | [ (1 /@) "8 (w) du (139)
411'TP —00
_N
4P
where P = Pyy, N is defined as in (129) and

o [[f‘: (14 w*/&")"*S(u) du:r - ()

[swa]

Comparison of (140) with (129) shows that, for equal average signal
power, the optimum ratio No/So is greater in FM than in bipolar AM by
the factor A°. Inspection of (141) shows that A* > 2, without a postde-

tection low-pass filter.
With (138) in (126), the factor p, by which the noise power is reduced
by a postdetection low-pass filter, becomes

" (1 4+ u/@)’
_ j;w L (u)S(u) (L du (142)

f (1 4 u*/a)'"S(u) du
where L(u) is defined by (123).

) (140)

P
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With a postdetection low-pass filter, (140) is replaced by

N
4P

(N/S) = =7, (143)

where
¥ =Np (144)

is the factor by which the optimum ratio N,/ S, differs in FM from bipolar
AM, for equal average signal power at the receiving filter input.

The above factor v is not the minimum (optimum) factor with a post-
detection low-pass filter, but rather the factor applying when a low-pass
filter is applied to a system in which R(u) is optimized without such a
filter. If a postdetection low-pass filter of specified amplitude character-
istic Ao(w) is assumed, the optimum R(u) is related to Ao(w), as dis-
cussed below.

With a postdetection low-pass filter, the minimum ratio No/ S, in
terms of average signal power is again obtained when R(w) is such that
the two integrals in (125) are equal. As shown in Appendix C, E(u) is
in this case given by

R°(w) = 2" 82 () [H (u)] ", (145)

where
H(u) = [L(w)(1 + w/d)* 4+ LA(—u)(1 — u/@))" (146)
= [Ad(@ + w) (1 + w/@)* + Ad(e@ — w)(1 — u/&)""". (147)

In thelast relation, A¢(® == u) designates the amplitude characteristic
of the low-pass filter at w = o £+ w.
The optimum ratio obtained with (145) in (125) can be written

N

(No/Se)” = i o (148)
where
[fm H()S8(0) du]g
M e N . (149)
I:f S(u) (Iu:l
I:fm H(u)S(u) a’u.:r
= == : (150)
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where (150) follows from (149) since H(—wu) = H(u) and S(—u) =
S(u).

For the reasons discussed in Section X, the bandwidth of the low-pass
filter must be less than 2&. Hence, for u &~ @, Ao(@ + u) = 0, so that
the first term in (147) vanishes and

H{u) == 4400)(1 — u/d) for w/o=1

151
=0 for U = . (151)
Thus, for v = &, (145) becomes
S(u) 2 .
R(w) = 2"% [__—4—7] for u/o =
() L0 — 79 PEL )

= o for U =o.

The corresponding transmitting filter characteristic is T°(u) =
A(u)/E°(u) = Oforu = a.

With Re(+&) = =, the noise power at the detector input would be-
come infinite and the signal-to-noise ratio at the detector input would
be zero. Hence, the basic premise of adequately high signal-to-noise
ratios underlying the representation in Fig. 14 and expression (125)
would be violated. In this case, No/Sy , without a postdetection low-pass
filter as given by (121), would become infinite. To limit the noise power
at the detector input, so that (125) is a legitimate approximation, it is
necessary to modify R°(u) near w = =& in such a way that R°(+a) = «
and No/So, as obtained from (121) without a postdetection filter, be-
comes appropriately small. The value of N o/Ss obtained from (125) after
such modification of R(u) will be greater than that obtained from (150),
but may be smaller than that given by (144). The factor ¥° is thus to be
regarded as a lower bound that cannot be fully realized but may be
closely approached, at least for small ratios N /P in (148), by appropriate
modification of R°(u) near » = ==&. (An example of such modification
is indicated by the dotted curves in Fig. 17, to be discussed later.)

XVI. OPTIMUM FM SYSTEMS OF MINIMUM BANDWIDTH

In the limiting case of a channel of the minimum possible bandwidth,
as considered in Section VI, the channel characteristic is given by (55).
When normalized to unit amplitude for © = 0, this characteristic is

1 — (u/@)*

= cos (r/20) " (153)

Alw)
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With a spectrum as given by (53) and (54), the optimum receiving filter
characteristic obtained from (138) becomes, with ¢ chosen as (2/ )"
R(uw) = (14 /&)™ (154)
The corresponding optimum receiving filter characteristic,
T°(u) = A(w)/R’(u),
is
(1 — (u/a) (1 + w*/a")"

T"(u) = cos (mu/2a)

(155)

The above expressions apply for —1 < u/a@ < 1.
The factor A° defined by (141) becomes

@ 2
[f_ (1 4+ u*/a")'"* du]
AN=2""

[f_ d’“"’T (156)

— %[21/2 _|_ loge (1 + 21,'2)]2
== 2.65.

This corresponds to about 4.2 db disadvantage in signal-to-noise ratio
for an optimum FM system without a postdetection low-pass filter, as
compared to an optimum bipolar AM system, for equal average signal
power.

In the above case the speetrum So(w) of the demodulated pulses is as
shown in Fig. 10, With a low-pass filter having the amplitude character-
tic shown in Vig. 11, this spectrum is converted into a flat spectrum of
the minimum permissible bandwidth. With the above type of filter,
L(u) = Ao(®@ 4+ u) = 0 for u > 0. Since S(u) = 0for o < v < —o,
(142) becomes

SR ST
[ a+ e au (157)

,E Ag(@ — u) (1 u/a) du
p — W

= (.38 (by numerieal integration).
With the above low-pass filter, (144) gives
v =xp=1.0, (158)
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so that the signal-to-noise ratio is virtually the same as for an optimum

bipolar binary AM system, for equal average signal power.
The factor v° given by (150) becomes

. [foa Ag(e — u)(1 _ w/@) du:r

I

=2 0.60 (by numerical integration).

For reasons mentioned in Section XV, the minimum factor v that can
be realized will be less than that given by (158) but greater than that
given by (159), which is to be regarded as a lower bound. Since this
minimum factor v is less than one, some advantage in signal-to-noise
ratio can be realized with FM, as compared to an optimum bipolar base-
band or AM system with synchronous detection, for equal average signal
power at the input of the receiving filter. This advantage would be
small, and is prineipally of theoretical interest as an indication that a
noise advantage can be derived from the unavoidable two-fold inerease
in channel bandwidth with FM as compared to baseband transmission
or equivalent AM methods.

RELATIVE AMPLITUDE

4 SP'?CE glr_.—u MARK N
0 |

Wo-2@ Wy —& Wq Wwot+ & Wo+2w

Fig. 16 — Frequency modulation with raised cosine spectrum at deteetor input
and no postdetection low-pass filter: B° = optimum shape of receiving filter;
T = optimum shape of transmitting filter; A = R°7° = combined transmission
characteristic.
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XVII. OPTIMUM FM SYSTEMS WITH RAISED COSINE SPECTRUM

With a raised cosine spectrum at the detector input, as considered in
Seection VII, the over-all amplitude characteristic of the bandpass chan-
nel is given by (62). When normalized to unit amplitude for « = 0, the
characteristic is

1 + cos (mu/2a)

2 cos (mu/20)

A(u) = (1 — u*/a"). (160)

The optimum characteristic of the receiving filter as obtained from
(138) is, in this case,
R — 08 (wu/4@)
‘ (1 4 w?fa?)ve”
The corresponding optimum characteristic of the transmitting filter is
T° = A(u)/R°, or

(161)

o — ©08 (mu/4) (1 — w/a) (1 + u/at)"

cos (ru/2a)

1 for =20

(162)
_4 (1" =~ 1.09 for u=a&
T

=0 for u = 2a.

The above filter characteristics are shown in Fig. 16,
With a raised cosine speetrum in (141),

Hf“’ (1 + u*/&")"* cos® (xu/4a) du]z
o _ 9 —

2@

q

. ‘1 [[: cos” (mu/4a) d“’:IL )

2 2
2 [f (1 4+ 29" cos’ (wz/4) d.z::l

(163)

= 2.8 (by numerical integration).

With the aid of a postdetection low-pass filter, the noise power in the
output is reduced by the following factor p obtained from (142):
25
G(u) cos’ (wu/4a) du
p= , (164)
f (1 4+ w/a")" cos® (wu/4a) du
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where
ey (L u/a)
G(u) = L(u) T (165)
The factor v° given by (150) in this case becomes
20 2
[ H(u) cos® (ru/4a) du]
=0 , (166)

[fum cos” (mu/4a) du]z

where, as in (147),
H(u) = [Ad'(& + u)(1 + u/a)" + Ao'(& — u)(1 — u/a@)"
The optimum receiving filter characteristic is, in accordance with
(145),
R(w) = 2" cos (mu/4a)[H (uw)] ™ (167)
With a raised cosine spectrum at the detector input, the spectrum of
the demodulated pulses is as shown in Fig. 12. For a low-pass filter with
a transmission-frequency characteristic as shown in Fig. 13, approximate
values of L(u) = Ao(® + u), G(u) and H(u) are given in Table VI by
way of illustration.

TaBrLE VI — ILrustraATIVE VaALUES oF L, G anp H

—u/a
—0.75 —0.5 0 0.5 0.75 1.0 1.5 2.0
L(u) 0 0.65 1.2 1.15 1.05 1.00 1.15 1.2
G(u) 0 0.8 1.44 0.30 0.05 0 0.185 0.51
H(u) 0.27 1.1 1.7 1.1 0.27 0 0.58 1.2

For the particular low-pass filter above, the optimum receiving filter
characteristic obtained from (167) and the corresponding transmitting
filter characteristic 7°(u) = A(u)/R’(w) are as shown in Fig. 17, where
they are normalized to unity for » = 0. It will be noted that, for u = *a,
R° = « and T° = 0. Hence these optimum characteristies cannot be re-
alized physically, though they can be approached, as indicated by the
dotted lines near ¥ = =+a.

For the above low-pass filter, numerical integration of (164) and (166)
gives p = 0.5 and v* = 0.84.
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The significance of the above various numerical results are, in sum-
mary, as follows.

The factor A° = 2.8 indicates about a 4.5-db disadvantage in signal-
to-noise ratio, for an optimum FM system without a postdetection filter
as compared to an optimum bipolar AM or baseband system, for equal
average signal power at the input of the receiving filter. The factor
p = 0.5 indicates a 3-db improvement in signal-to-noise ratio obtained
with the aid of the particular postdetection low-pass filter assumed
above, so that the above FM disadvantage is reduced to 1.5 db; i.e.,,
v =N\p =14,

In accordance with the discussion in Section XV, a somewhat lower
factor v could be realized when the division of channel shaping between
transmitting and receiving bandpass filters is optimized for this particu-
lar low-pass filter. The lower bound is represented by v* = 0.84, and the
minimum value that could be realized with an appropriate modification
in filter characteristies near © = & would be greater than 0.84 but less
than ¥ = 1.4. With the modification indicated in Fig, 17, it turns out
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Fig. 17 — Frequeney modulation with raised cosine spectrum and post-detec-
tion low-pass filter with transmission characteristic A(w) shown in Fig, 13: R° =
optimum shape of receiving filter; 7° = optimum shape of transmitting filter;
A = R°T° = combined transmission characteristic.
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that the ratio No/S, obtained from (125) is smaller than that for bipolar
AM by a factor v =2 0.94. Thus, with optimum design in I'M, the signal-
to-noise ratio would be very nearly the same as for an optimum bipolar
AM or baseband system.

If the spectrum So(w) shown in Fig. 12 is converted into a flat spectrum
of bandwidth 2& by an appropriate low-pass filter, it turns out that
v’ = 0.64, corresponding to about a 2-db advantage in signal-to-noise
ratio over an optimum bipolar AM or baseband system.

As an illustration of the penalty incurred in departing from the opti-
mum division of channel shaping between transmitting and receiving
bandpass filters, it will be assumed that R(w) is given by (135), as pre-
viously considered for AM. In this case, the receiving filter is flat be-
tween —2& < u < 20, and (125) becomes

_ 2n 26 27 NVERY
No/Ss = s j_m L) (1 + w/a) du

- (168)
T ‘ .
f 1 cos (wu/4®) du,
Loa
which can be written as
No/S = 4%% (169)
with
1\ r2 . 25
v = (:) L(u)(1 + w/a)? duf cos' (mu/d4@) du (170)
w —2a 0

2. 1.66 {by numerical integration),

where the numerical result applies for a postdetection low-pass filter
with the same amplitude characteristic as assumed previously.

The value y = 1.66 corresponds to a 2.2-db disadvantage in signal-to-
noise ratio as compared to an optimum bipolar AM system, and about a
0.7-db disadvantage compared to an optimum FM system (y = 1.4).
With the above type of flat receiving filter, about a 1.8-db penalty in
signal-to-noise ratio was incurred in AM, as shown in Section XIV.

XVIII. SIGNAL-TO-NOISE RATIOS AND ERROR PROBABILITIES

In the case of baseband transmission or AM with homodyne detection,
the probability of exceeding the rms noise amplitude by a specified factor
follows the normal law.
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If the polarity of the noise voltage is specified, (i.e., positive or nega-
tive) the probability of exceeding the rms noise amplitude by a factor
kis

p = % erfe (k/2'7%), (171)

where erfe is the error funetion complement.

If the noise amplitude at a sampling instant ¢ is [No(£)]"?, an error
will oceur if the ratio [Ny(2)/S0'"* exceeds 2 in the presence of a space
or negative pulse, or exceed —3% in the presence of a mark or positive
pulse. The rms ratio, (N,/ So)'"%, must be held smaller by an appropriate
factor 1/k. The probability of an error in a digit is acecordingly p = p.,
as given by (171), provided

(.Nu/gru)”‘3 = ‘—)IT (172)
In accordance with (129),
(P/N)” = X(8s/No). (173)
I'rom (172) and (173),
k= (P/N)". (174)

Henece, for an optimum AM system as assumed above, the error prob-
ability in binary bipolar pulse transmission is, with (174) in (171),

pe = L erfe (P/2N)" (175)

In Table VII the signal-to-noise ratios /N obtained from (175) are
shown for various probabilities of an error in the digit. In accordance
with (129), under the optimum condition the average signal power P
in bipolar AM is equal to the continuous mark power P,, .

Ideal synchronous detection, as assumed above, eannot be fully real-
ized with symmetrical bipolar AM methods. Derivation of a demodulat-
ing carrier from the signal wave, or adequate phase control of a locally
supplied carrier, entails some increase in either signal power, noise power
or bandwidth, depending on the particular method used, and thus en-
tails o somewhat greater ratio P/N than that given in Table VII.

In the case of unipolar or “on-off’’ baseband or double-sideband AM
with homodyne detection, the maximum tolerable peak noise power is
6 db less than it is with bipolar transmission, but the average signal
power is reduced by 3 db, so that the ratio P/N must be increased by
3 db, as indicated for unipelar AM in Table VII. The average signal
power is, in this case, 3 db less than the signal power during a continu-
ous mark.
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TasrLe VII — Ormimum SiGNaL-To-NoisE Ratros P/N 1N DECIBELS
ror BiNary AM anp FM Systems®

AM with Ideal Synchronous FM with Ideal Frequency Discriminator
Detection® Detection
Probability of an Error
in a Digit Unipol No L With Low- | With L
Bipol nipolar - ith Low- ith Low-

(Twlol?gl?::sc) (On—Opﬁ)c-D Pasg Fﬁ-:::rE Pass Filter® F|Pass FilterT. G
1072 7.3 10.3 (11.3) 11.8 8.8 6.5
10~ 11.4 14 .4 15.9 12.9 10.6
10-¢ 13.6 16.6 (16.9) 18.1 15.1 12.8
108 15.0 18.0 19.5 16.5 14.2
10t 16.0 19.0 20.5 17.5 156.2
10712 17.0 20.0 21.5 18.5 16.2

P = Average signal power at input of receiving filter

N = Average noise power in flat band W = 1/2T cps at input of receiving
filter

T = Interval between pulses, in seconds

Noles:

A Bignal-to-noise ratios in terms of noise power 2N in double-sideband channel
of bandwidth 2W are 3 db smaller than in table.

B Applies for baseband transmission, double-sideband, double-sideband on two
carriers at quadrature and vestigial-sideband AM.

l:l Signal-to-noise ratios in terms of steady mark power are 3 db greater than in
table.

D Values in brackets are for double-sideband with optimum envelope detection.

E Band-pass filter shaping as in Fig. 16.

F Low-pass filter shaping as in Fig. 13.

G Band-pass filter shaping as in Fig. 17.

For the reasons discussed in Section XTIV, the optimum signal-to-
noise ratios shown in Table VII for bipolar AM apply for bipolar base-
band transmission, for bipolar double-sideband AM (phase reversal or
two-phase transmission), for bipolar quadrature double-sideband AM
(four-phase transmission) and for bipolar vestigial-sideband AM. Sim-
ilarly, the ratios shown for unipolar AM with synchronous deteetion
apply for unipolar baseband, double-sideband, quadrature double-side-
band and vestigial-sideband transmission. Furthermore, with optimum
division of channel shaping between transmitting and receiving filters,
the above optimum signal-to-noise ratios apply for all spectra of the
pulses at the detector input with the properties illustrated in Figs. 1
and 2. Moreover, the signal-to-noise ratios apply not only for pulses of
duration T equal to the pulse interval, as assumed in the previous anal-
ysis, but also for pulses of shorter duration. When the duration of the
pulses is less than 7T, the receiving filter characteristic remains un-
changed, but the shape of the transmitting filter is modified because of
the different spectrum of the modulating pulses. This also applies with
other than rectangular shapes of the modulating pulses.



IDEAL BINARY PULSE TRANSMISSION BY AM AND FM 1409

There are thus an infinite number of optimum AM systems with a
performance from the standpoint of signal-to-noise for a given error
probability equivalent to that of a baseband system of the minimum
possible bandwidth, provided ideal homodyne (synchronous) detection
is used, in which the pulse train is applied to a product demodulator
together with a constant demodulating carrier of proper phase.

The ratios shown in Table VII for unipolar AM also apply in a first
approximation to ‘“‘on-off” double-sideband AM with envelope rather
than homodyne detection. However, in the latter case both the average
noise power and the probability distribution at the detector output differ
between mark and space.' During a mark, the rms noise amplitude, and
the probability that this noise amplitude is exceeded by a factor %, is
virtually the same as it is with homodyne detection, for large signal-to-
noise ratios. During a space, however, the rms noise amplitude is in-
creased by a factor of 2%, and the probability that the rms amplitude
is exceeded by a specified factor k follows the Rayleigh law

p=¢" (176)

rather than the Gaussian law (171).

For the above reason, the optimum slicing or threshold level is not
one-half the peak pulse amplitude, but slightly greater, depending on
signal-to-noise ratio and error probability. The optimum slicing levels
with binary double-sideband AM and envelope detection and the cor-
responding optimum signal-to-noise ratios versus error probability have
been determined elsewhere,’ and are indicated in Table VII for two
cases. For an error probability of 107° the optimum threshold level is
about 52 per cent of the peak pulse amplitude and the signal-to-noise
ratio is about 0.3 db greater than for unipolar AM with homodyne de-
tection. Hence, for error probahilities in the range ordinarily considered
acceptable, the difference in signal-to-noise ratio with envelope and ho-
modyne detection is insignificant.

Comparison of binary FM and AM on the basis of signal-to-noise
ratios is legitimate provided that, for a given ratio No/ 8., the error
probability is the same in FM and AM. For high signal-to-noise ratios,
this is approximately the case, since the normal law (171) is then closely
approximated in FM.® On this premise, comparison on the basis of sig-
nal-to-noise ratios is legitimate for small error probabilities.

In accordance with the discussion in Section XV, the optimum signal-
to-noise ratio in binary FM without a postdetection filter is related to
the optimum ratio in bipolar binary AM by

(P/N)¥m = N(P/N)iu, (177)
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where \° =2 2.65 (4.2 db) for a flat spectrum as considered in Section
XVI and A =2 2.8 (4.5 db) for a raised cosine spectrum at the detector
input, as considered in Section XVII. In Table VII the latter case is
assumed as being the more representative, and the signal-to-noise ratios
are taken 4.5 db greater than they are in bipolar AM.

With the aid of an appropriate postdetection low-pass filter, the sig-
nal-to-noise ratio can be improved such that

(P/N)ra = oN'(P/N ). (178)

With a postdetection filter having an amplitude characteristic as
shown in Iig. 13, p = 0.5, corresponding to 3-db improvement in signal-
to-noise ratio, and this case is assumed in Table VIL.

As discussed in Sections XV, XVI and XVII, when a postdetection
low-pass filter is used, it is possible with FM to realize some improvement
in signal-to-noise ratio over bipolar AM. In this case, a lower bound is
given by

(P/N)¥ym = 7" (P/N)am, (179)

where v° =2 0.84 with the type of filter shown in Fig. 13. This corresponds
to about an 0.8-db improvement in signal-to-noise ratio over bipolar
AM and entails transmitting and receiving bandpass filter character-
istics as indicated in IMig. 17. This lower bound is given in the last column
of Table VII, but it cannot be fully realized, for reasons discussed in
Section XV,

As noted before, the optimum signal-to-noise ratios given in Table
VII for synchronous AM are universal and apply to a variety of op-
timized systems, including the special case of ideal flat channels of min-
imum bandwidth assumed in other analyses of baseband,’ synchronous
AM or PM systems.”® With appropriate allowance for different defini-
tions of signal power (continuous mark versus average power) and of
the bandwidth used in specifying noise power (flat single-sideband
versus flat double-sideband), the results given in Table VII for syn-
chronous AM conform with those in the above references.

In the ease of FM, however, the optimum signal-to-noise ratio depends
on several factors that need not be considered in AM, such as the shape
of the spectrum at the detector input and the shape of the post-detection
low-pass filter. There is thus no universal optimum signal-to-noise ratio
for a given error probability in I'M, and the ratios given in Table VII
for FM apply for the particular conditions indieated. Tor this reason,
significant comparisons cannot be made with signal-to-noise ratios for
FM given elsewhere™” that are based on simplified mathematical models
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that ignore the various factors above. One analysis’ indicates about a
1-db advantage of hipolar AM (or phase reversal) over FM for an error
probability of 107*.

XIX. SUMMARY

Tt has been shown that binary pulses can be transmitted without
intersymbol interference by FM over a channel of the same bandwidth
as is required for double-sideband AM. To this end, a first requirement
is that the total frequency shift between space and mark be equal to
the pulse transmission rate, for example 500 c¢ps for 500 bits per seconds.
A second basie requirement is that the pulses at the input of the fre-
queney modulator have the appropriate shape, a condition that is met
with rectangular modulating pulses of duration equal to the interval
between pulses. A third requirement with rectangular modulating pulses
is that the channel bandwidth be small in relation to the midband fre-
quency. A fourth requirement is that the bandpass channel must have
the appropriate amplitude-versus-frequency characteristic and a linear
phase characteristic.

The appropriate amplitude characteristic of the bandpass channel is
not the same as for AM, nor is the shape of the received pulses the same.
By way of illustration, a comparison is made in Fig. 3 of the amplitude
characteristic of the bandpass channels for FM and AM, for a channel
of the minimum possible bandwidth, if intersymbol interference is to be
avoided. With the channel characteristics shown in Fig. 3, the transmis-
sion of a single pulse, (i.e., transmission of a mark, preceded and fol-
lowed by a continuing space) will give rise to a flat frequency spectrum
at the detector input with both FM and AM, as indicated in Fig. 3.
Such a flat spectrum at the detector input will give rise to a pulse at
the detector output, but the pulse shape is not the same in FM and AM,
as illustrated in Fig. 4. However, a common property of the pulse shapes
shown in Fig. 4 is that they have zero points at intervals 7' equal to the
duration of the rectangular modulating pulses. Thus, pulses can be trans-
mitted at these intervals without intersymobl interference by FM or
AM.

In actual pulse systems, channels of the minimum possible bandwidth
are not practicable for various reasons. In Fig. 5 comparison is made of
the appropriate amplitude characteristics with FM and AM for chan-
nels with twice the minimum bandwidth. In this case, transmission of a
single pulse by FM or AM gives rise to a “‘raised cosine” spectrum at the
detector input and to pulse shapes at the detector output, as shown in
Fig. 6. Because of the small oscillations in the tails of the received pulses,
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the channel characteristics shown in Iig. 6 are desirable for FM and
AM systems.

In the above illustrations, rectangular modulating pulses were as-
sumed. With modulating pulses of other shapes that overlap between
pulse intervals, certain restrictions are imposed on the shape of the pulses
if intersymbol interference is to be avoided, which renders determination
of the exact appropriate shapes difficult. For example, (sin )/x modu-
lating pulses, which are often considered in AM, are inappropriate in
FM. However, with raised cosine modulating pulses, as shown in Fig. 9,
it is possible by appropriate channel shaping to virtually aveid intersym-
bol interference. With such modulating pulses and a channel characteris-
tic as shown in Iig. 9, the shape of the demodulated pulses will be
virtually the same as those shown in Fig. 6 for FM. Although intersymbol
interference cannot be avoided with raised cosine modulating pulses, it
is small enough to be disregarded (less than 1 per cent).

The pulses at the output of the FM detector, such as those shown in
Figs. 4 and 6, have baseband spectra of infinite bandwidth, as in Figs.
10 and 12. It is possible to modify the shape of the pulses in such a way
that intersymbol interference is not introduced, with the aid of a post-
detection low-pass filter having the appropriate amplitude characteris-
tic. For example, the FM pulse of Fig. 4 has a spectrum as shown in Fig.
10. This spectrum can be converted into a flat spectrum of minimum
bandwidth with the aid of a postdetection low-pass filter having the
amplitude characteristic shown in Fig. 11 and a linear phase characteris-
tic. The pulse shown in Fig. 4 for FM would thereby be converted into
the same shape as shown for AM.

The ideal amplitude characteristics of the bandpass channels in FM,
such as those exemplified in Figs. 3 and 5, are obtained with the aid of
an appropriate combination of transmitting and receiving bandpass
filters. From the standpoint of intersymbol interference, as considered
above, the division of channel shaping between these filters is immate-
rial, but there is an optimum division from the standpoint of perform-
ance in the presence of noise.

By way of example, for the over-all amplitude characteristics of the
bandpass channels shown in Fig. 5 for AM, the optimum division of
channel shaping between transmitting and receiving filters is shown in
Fig. 15 for the case of random noise. As discussed in Section XVIII,
with optimum division of channel shaping and ideal synchronous (homo-
dyne) detection, there is an infinity of optimum AM systems with per-
formanece equivalent to that of a baseband system of the minimum pos-
sible bandwidth, as regards signal-to-noise ratio for a given pulse trans-
mission rate and error probability.
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With an over-all channel characteristic as shown in Fig. 5 for FM, the
optimum division of channel shaping is as shown in Fig. 16, assuming no
postdetection low-pass filter. Such an optimum FM system has about
a 4.5-db disadvantage in signal-to-noise ratio compared to an optimum
bipolar AM or phase reversal system, for equal average signal power. By
providing a postdetection low-pass filter with a transmission characteris-
tic as shown in Fig. 13 and linear phase, the signal-to-noise ratio is im-
proved about 3 db, and the FM disadvantage of 4.5 db is reduced to
about 1.5 db. This assumes the same division of bandpass channel shap-
ing as without a low-pass filter. However, the optimum division with the
above low-pass filter is different, and is approximately as indicated in
Fig. 17, except near wo £ w. With an optimum division, it appears possi-
ble, in principle, to realize an advantage in signal-to-noise ratio of at
most 0.8 db over an optimum bipolar AM or baseband system, for equal
average signal power.

With appropriate postdetection low-pass filters of the minimum per-
missible bandwidth, it is possible in principle to realize an advantage in
signal-to-noise ratio of at most 2 db over an optimum bipolar AM or
baseband system. However, the above I'M advantages cannot be fully
attained in practice. They are principally of theoretical interest in that
they indicate that an advantage in signal-to-noise ratio can be derived
from the unavoidable two-fold increase in channel bandwidth with FM
as compared to baseband transmission, or equivalent AM methods.
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APPENDIX A

Pulse Train Envelopes and Average Signal Power

In Section IV the transmission of a single mark or pulse was con-
sidered, and the resultant wave at the channel output (detector input)
was, in this case, given by (35) and (36), or

E(ty) = cos (wio + @0 + o) E(t), (180)
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where
Bty = A(—a)[1 + u*p*(te) — 2up(ty) cos ats]" (181)
and
p=1/4(—a) = 1/A(a). (182)
When a train of pulses is transmitted, the resultant envelope is given

by (95) or

W) = A(—a) [1 + i anp(ty — mT)

m=—ca

. . (183)
— 24 2, anplts — mT) cos a(ty — mT):l ,
where 7' is the interval between pulses and
ty = 0 for space
(184)

=1 for mark.

In view of (184), the rms value of the envelope at a particular time,
to, with respect to a sampling point is for equal probability of marks
and spaces:

n-y(tn) = A(—d’) [1 + g—’ E Pﬂ(to - mT)
- . (185)
— p > plts — mT) cos ally — mT):| s

where the limits of the summations are as in (183).
The mean squared value of the envelope taken over a pulse interval
T is

1 T2 s
” . T 41’,’21{ (tu) dtu
2 T2 N
- AE(—G:)[I +‘§f > Pt —mT) dto (186)
72

T/2
- Ff 2 p(te —mT) cos &ty — mT) dtn:l,
—-T/2

which can be transformed into

9

W= AN —a) [1 +% f_w p'(t) dt — %[mp(to) cos aly dtu]. (187)
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In (32) for p(t), the lower limit of integration, —wo, can be replaced
by — =, since S(u) = 0for u £ —wy, in which case (32) can be written

p(ly) = f 25(w) cos uty du (188)
or, by inversion,
28(u) = f p(ty) cos uty diy . (189)

In view of (189), the last-bracket term in (187) with » = & becomes
—2uS(@)/T. Since S(@) = T/4, in accordance with (48), and p = 2,
in accordance with (50), the last-bracket term becomes —1, and (187)
simplifies to

= A-a) & w f oS (190)
In view of (189),
[ v dn = - [ @str (191)
—a0 LT Wv—em
Hence (190) can be written
I ‘
= A —a) - ,],f S*(w) du. (192)

This is the mean squared value of the envelope at the output of a
channel with an over-all amplitude characteristic A (w). If the trans-
mitting filter is assumed to have an amplitude characteristic 7'(u) and
the receiving filter to have a characteristic E(u), then

T(u)R(u) = A(u). (193)

The spectrum at the transmitter output, or at the input of the re-
ceiving filter in a channel without transmission loss, is in this case
T(u)S(uw) = S(u)/R(w). The mean squared value of the envelope at
the transmitter output is obtained by replacing A(&) by T'(®) and
S(u) by S(u)/R(w) in (192), so that in this case

7 = T%a) -n-LT I:i'((z)):l .[: [}9?((1;;] du, (194)

where 4(w) = 3.
When a continuous mark with unit amplitude of the earrier at the
input of the transmitting filter is transmitted, the envelope of the car-
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rier at the output is T(&). It will be assumed that the carrier amplitude
at the input is so chosen that the peak amplitude at the output is £
for a continuous mark or space. With T'(@) replaced by K in (194), and
with A(®) = 3,
= 4R (@) 7 8% (u)
W2 — E2

T w F22(u)
The average signal power within the envelope is, in view of the factor

cos (wolo + @o + %) in (180), smaller by a factor of 4, or

E’ 4R (@) 82(15)

du. (195)

Pow =5 =0~ L. o) ° (196)
In bipolar AM (183) is replaced by
W) = A(0) 2 aup(ts — mT), (197)
where a@,, = —1 or 1.
Equation (190) is replaced by
= 4(0)° 2 f p(t) dlo
(198)
= A° (0) = f S*(w) du,
and (194) is replaced by
2 R(O):r = 8% (u)
= 0 .
We' = 1% ) =5 [A(O) R () du (199)

When the peak amplitude of the transmitted carrier for a continuous
mark is E, the average signal power in this case is, with 4(0) = 1,

E” 2 = SQ(u)

APPENDIX B
Interference in AM and FM Systems
B.1. General

B.1.1 Frequency Modulalion

Let a carrier of frequency wy — @ representing a space be transmitted,
and let its peak amplitude at the input of the receiving filter be E. If
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the receiving filter has an amplitude characteristic B(u) as a function
of the frequency « from midband, the signal at the detector input is

&,-(_fo) = —EH(—(:J)[GOS (wn - (::)tu + @01- (201)

An interfering voltage at the detector input can be written in the
general form

8,‘(tu) = ?‘i(fa) COS (wnfn + 500) + ([i(to) sin ((dotn + fpn). (202)
The signal at the detector input in the presence of interference is then

e + e; = —cos (woly + @) [ER(—&) cos ety — 7:(t0)]

. (203)
—sin (wots + @o}[ER(—&) sin oty — q:(t)].

The phase at the detector input in the presence of interference is given
by

sin oty — pigs

- ) (204)
cos wly — it

tan l,l/u,i = =

where
L 1
T ER(—a)
The demodulated signal in presence of interference is proportional to
da,:/dty , which becomes

(205)

i = ——; [1 — pi(r; cos &ty + ¢ sin @ly)
) (206)
+ B (0 sin @ty — ¢/ cos why) + 55 (gi'ri — n'q;)] ,
w w
where »/ = dr:/dt., ¢/ = dg.:/dt, and
D = (sin aty — wigi)® + (cos dty — pa)
(207)

=14 p(ri + ¢) — 2ui(r: cos Gty + g, sin &y).
The frequency deviation with respect to the frequency wy — @is ¢’ =
& + Yo, and the ratio n; = ¢.//2& becomes

7:(t) = [y\(v‘- + ¢) — 7 cos @ty — gi sin &g

2D (208)

— E (r/ sin &ty — ¢;’ cos &ly) — = (ql re — 1i'q:)
w
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This is the amplitude of the interfering voltage taken in relation to the
peak amplitude of a demodulated pulse.

At sampling points &, = mT, sin &ty = 0 and cos wl = (—1)". At
these points

7(mT) = ;—b [ﬂz‘(?’éz +q¢’) — (=) (n - éq{')
(209)

- l‘? (Q’ilf':' - 7‘:”‘1[)] ]
w

D(mT) = —(=1)"2ur: + p(r + ¢). (210)
If second-order terms are neglected, which is permissible for ade-
quately low amplitudes of the interfering voltage, the above expression
reduces to
1 r(mT) — ¢’ (mT) /&
T2ER(—a)1 — (—1)"r{(mT)/ER(—a)

ﬁm) [ri(mT) — ¢’ (mT)/a]. (212)

7i(mT) = (211)

IR

B.1.2 Bipolar AM or Two-Phase Modulation
In bipolar AM with homodyne detection, let a carrier — £ cos (ool -+

@o) represent a space and a carrier E cos (woly + o) 2 mark. The sig-
nal plus interference at the detector input during a space in this case is

[N + e; = —CO08 (wutu + lpn)[ER(O) — ?'1'] + sin (wutu + gon)qi (213)

The demodulated output after elimination of high-frequency demodula-
tion products by low-pass filtering is

Vipi = —3ER(0) — ri(h)]. (214)

If a space is represented by 0 at the output, rather than by —ER(0)/2,

the demodulated output is V.y; + ER(0)/2, or r;/2. The resultant
interference taken in relation to the amplitude ER(0) of a mark is

i)
ni = m . (215)

B.1.3 Unipolar AM with Envelope Detection

In unipolar or “on-off” pulse transmission with envelope detection,
the demodulated interference voltage in the presence of a space (zero
carrier) is

(&) 2 24112
V;a = (?'1‘ + Q‘,’) . (216)
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The amplitude of the interfering voltage taken in relation to the ampli-
tude of a demodulated mark is

£ (Tiz + 1'2 1
o = b (217)

When a mark is transmitted, the voltage at the detector input is
e ™ = cos (widy + @0)[ER(0) + r] + sin (wits + @o)g:  (218)
and at the detector output is
V.. = (ER(0) + T + ¢}
=~ FR(0) + r;.

(219)

The amplitude of the interfering voltage taken in relation to the ampli-
tude of a demodulated mark in this case is

_(m) — i o
i E'——“R(O) . (2¢O)
B.2 Single Frequency Interference

In the particular case of a sinusoidal interfering voltage of frequency
wo + w and amplitude e(u) at the input of the receiving filter, the inter-
fering voltage at the detector input is

ei(ty) = e(u)R(u) cos [(w + u)to + ¢i (221)
e(u)R(w) cos (wito + @0) cos (uly + ¢)
—e(u)R{u) sin (wido + o) sin (uts + ¢),

I

(222)

where ¢ = ¢1 — o -
In this case,

ri(ty) = e(u)R(u) cos (uty + o),
gi(le) = —e(u)R(u) sin (uty + o).

(223)

B.2.1 Frequency Modulation

In the case of FM, (212) becomes

ni = _g(;%](f_i% (1 + Z) cos (uty + ¢). (224)
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The rms interference in ¥M with all phases, ¢, equally probable is

§i o e(wR(u) (1 + :—j) E_ fuf cos’ (uto + ) dsﬂ:lm

‘T 2ER(—a)
(225)
_ e(u)R(u) AL
2ER(—a&) a)’
where
e(u)
e(u) = i - (226)
B.2.2 Bipolar AM
For bipolar AM, (215) gives
~_ e(u)R(u) cos (uty + ¢)
ni = SER(0) , (227)
and the rms value with all phases ¢ equally probable is
__ é(u)R(u)
ni — W . (228)

B.2.3 Unipolar AM with Envelope Detection

Tor unipolar AM with envelope detection, (223) in (217) yields, for
the interference during a space,

@ _ e(w)R(w) _ e &(w)
T TER(O) 2 ER(0) (229)
and (220) gives, for interference during a mark,
.(m) _ E(M)R(‘ll;)
with an rms value
o _ E(u)R(u)
i ER(O) . (231)

B.3 Impulse Noise

In the case of idealized impulse noise, the interfering voltage is of
the general form

e:(t) = pi(ty) cos (wilo + @)

) . (232)
= pi(f) cos e cos (wits + ¢i) — 2:(to) sin ¢ sin (wols + o),
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where ¢ = ¢; — ¢ and p;(#) is the envelope of the noise pulse at the
detector input. The shape of the latter will depend on the receiving
filter characteristie, R(u). The phase ¢ represents the difference between
the phase of the carrier within the noise pulse envelope and the phase
of the carrier within the signal pulse envelope. This phase difference
depends on the instant at which the impulse occurs and ean have any
value.

B.2.1 Irequency Modulation
Comparison of (232) with (202) shows that, in this case,

ri(t) = pi(t) cos g,

(233)
gi(h) = —pi(t) sin ¢
In (208) the various quantities become:
ri 4+ ¢ = pit), (234)
r; cos @y + ¢ sin @by = pi(t) cos (aly + @), (235)
v sin wly — ¢/ cos aly = p/ (&) sin (ot + @), (236)
gi'ri — riq = 0. (237)

With these values in (208), the amplitude of a noise pulse after de-
modulation becomes

ﬂx(t()) 2D [#lpl (tl)) ’P1(t0) COoS ((:Jtﬂ + 59)

238
pL (tl)) ( )

sin (&t + go):|
=1 4 pi'pi’ () — 2uipi(to) cos (@fo + o). (239)

An error will oceur if, at the sampling instant, 5:;({,) = 4, which gives
the following relation for determining the peak amplitude of a noise
pulse at the detector input that will produce an error in the demodu-
lated signal:

dus [uip‘-%to) — pilto) cos (to + ) — Aﬁ]

@ sin (o + @) (240)
= 11 + wpi(ts) — 2mpi(ty) cos (aty + ¢)]
With g; = 1/ER(—&), this can be written
- 1 .
pi(t) cos (@t + ) —api (t) sin (&t + ¢) . (241)
=1,

2ER(—a)
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B.3.2 FM vs. Bipolar AM

In the case of bipolar AM, the corresponding relation is

pi(to) cos (aty + @) _
SER(0) =1, (242)

If it is now assumed that the impulses oceur at sampling instants
& = 0, then p/(f) = 0 and the following relations apply.

For FM:
pi(0) cos (ot + o) _

2ER(—a) - 3
For bipolar AM:
(0 5 {wl
pi( );z%((ta')o““w) =1 (244)

The peak amplitudes of the impulses that will eause errors are thus
smaller in FM than in AM by the factor

(0 _ R(—0) (245)

0 R(O)

In accordance with (104) and (105), the following relation applies
between the average signal powers in FM and AM:

13l _ - 2
L
From (245) and (246) it follows that

ﬁ(O)F]\I — (}i‘[)u2 %lfz- (247)

ﬁ(O)AM Pan
Thus, for equal probability of errors when the impulse occurs at
sampling instants and equal average signal power Pey = Py, the

impulses at the detector input can be greater in AM than in FM by a
factor 2", corresponding to 3 db.

As another limiting case, assume that the impulses occur midways
between sampling points corresponding to @ty = /2 or ty = =/2&. In
this case (241) and (242) become

for FM and &, = w/2a:

—pi(t) sin ¢ + (1/&)pi (k) cos _ 1
2ER(—a) v

(248)
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for AM and 4, = 7/20:
—pi(ty) sine _ (249)

2BR(0)  *
Since ¢ may have any value, it is permissible in (249) to substitute
o1 = (p — m/4) = cos /4 sin ¢ + sin 7/4 cos ¢, in which ease, for
AM

—pito)(sing + cos @) _ i -
2ER(0) o (250)

The following approximation applies for a representative pulse shape*
and ¢ = 7/2a:

— épi’(tn) = pi(fo) = %pe(o), (251)

where p;(0) is the peak pulse amplitude at the detector input, which
will oceur at a time 4 = m/20 from a sampling point.
Hence (248) and (250) can be written

for TM:
—p:(0) “l‘;%“ "O;“’Nl (252)

for AM:
—pi(0) qu;zoc)os ¥ o, (253)

The peak amplitudes that will eause errors are thus smaller in FM
than in AM by the factor

P(0) it o R(—a) o
(0 2RO (250
In view of (246),
PO)wn _ 1(PFM)‘“ (255)
f’(O)Ant 2\Pam

Thus, for equal probability of errors when the impulses occur mid-
ways between sampling points and equal average signal power Ppy =
Py , the peak amplitude of the impulses at the detector input can be
greater in AM than I'M by a factor of 2, corresponding to 6 db.

* In the case of a pulse shape obtained with a raised cosine spectrum, p;(t,) =
1 p:(0) and p;’({{o)d = 0.475 p;(0).
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The peak amplitudes, $(0), required to produce an error when an
impulse oceurs midways hetween sampling points is greater than when
they oceur at a sampling point by a factor of 2% in FM and a factor of
2 in AM. With a Gaussian amplitude distribution of the pulses, the
probability of an error from a pulse midway between two sampling
points is in the order of 1 per cent of the probability of an error from a
pulse at a sampling point in the case of FM, and is substantially smaller
for AM. Hence, virtually all the errors will be caused by pulses that
oceur near sampling points. The AM advantage over M for equal error
probability is 3 db for impulses that oceur at sampling points, and would
be expected to be only slightly greater, about 4 db when impulses oc-
curring at all instances with respect to a sampling point are considered.

The above comparisons apply without a postdetection low-pass filter
in M. With an optimum bandpass receiving filter characteristic in T'M,
the reduction in peak impulse noise afforded by low-pass filter would be
expected to be about the same as the reduction in average random noise.

APPENDIX C

Optimum Receiving Filter Characteristic

The optimum receiving filter characteristic in AM and in I'M with-
out a postdetection low-pass filter can be determined from the solution
of the more general case considered here, of FM with a postdetection
filter.

In the latter case, the optimum R(u) is obtained when the product
of the two integrals in (125) is a minimum, or for the minimum value
of the produet:

J = JiJa, (256)
where J; and J; are functions of &(u) given by
5= [ PR+ /6) du, (257)
s (u) S (u)
7= e 2[ e (258)

In (257), L(—u) 5 L(u), so that it is convenient to resolve the
integrand into one component with even symmetry with respect to u
and one with odd symmetry. The integral of the latter component van-
ishes and that of the component with even symmetry becomes

= f: H (w)R*(u) du, (259)
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where
Hw) = L) (1 + u/&)* + L (—u)(1 — u/@)" (260)

When a small variation, 8R(u), is made in R(w), the resultant vari-
ation in J is

5J = J25J1 + J;(SJ:}

°° . (261)
= Jgf OR(w)H (u)dR(u) du
0
—-J12f [R (u)]BR(u) du. (262)
The optimum R(u) is obtained when &/ = 0, or
= 9 _ 2J182(u)] _
fo [JQR(H)H (u) ) dR(u) du = 0, (263)
which is the case when
20 _ 2.]1.6'2(1:,) _
JQR(H)H (!(,) W = (264)
or
2" S ()
= o 1 = - 2
R(u) = Re(u) ) (265)
where ¢ = (J,/J2)""* is a constant.
With (265) in (258) and (259),
J = cEQUEf S(u)YH(w) du, (266)
o
1o [ N
Jo==2 f S(u)H(u) du, (267)
c? 0
] 2
JuJs = 2 [ [ suH@w) du:l ,
0
(268)

= % [j: S(u)H(u) duT.

The optimum ratio, No/So , obtained with (268) in (125) becomes

f S(w)H(u) (111]2. (269)

(No/Se = = TPFM[ B
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In the case of FM without a postdetection filter, L(ux) = 1 and, in
this case,

H(u) = 2(1 + u°/a"), (270)

in which case (265) gives (138).
In the case of AM, the term %°/&" is absent in (270) and

H(u) = 2, (271)
so that (265) gives (127).
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